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CHAPTER

1
Preview of Wavelets, Wavelet Filters,
and Wavelet Transforms

As mentioned in the Preface, wavelets are used extensively in many varied technical
fields. They are usually presented in mathematical formulae, but can actually be un-
derstood in terms of simple comparisons or correlations with the signal being ana-
lyzed.

In this chapter we introduce you to wavelets and to the wavelet filters that allow us to
actually use them in Digital Signal Processing (DSP). Before exploring wavelet trans-
forms as comparisons with wavelets, we first look at some simple everyday “transforms”
and show how they too are comparisons. We next show how the familiar discrete
Fourier transform (DFT) can also be thought of as comparisons with sinusoids. (In
practice we use the speedy fast Fourier transform (FFT) algorithm to implement DFTs.
To avoid confusion with the discrete wavelet transforms soon to be explored, we will
use the term fast Fourier transform or FFT to represent the discrete Fourier trans-
form.*)

Time signals that are simple waves of constant frequencies can be processed in a
straightforward manner with ordinary FFT methods. Real-world signals, however, of-
ten have frequency content that can change over time or have pulses, anomalies, or
other “events” at certain specific times. They can be intermittent, transient, or noisy.
This type of signal can tell us where something is located on the planet, the health of a
human heart, the position and velocity of a “blip” on a RADAR screen, stock market be-
havior, or the location of underground oil deposits. For these signals, we will usually
do better with wavelets.

Jargon Alert: Signals (or noise) that stay at a constant frequency are called
“stationary signals” in wavelet terminology. Signals that can change over time
are called “non-stationary”.

One final thought before beginning: Wavelets deal simultaneously with both time and
frequency and require some effort to master. However their powerful capabilities in
achieving this feat make them well worth the effort. This conceptual method makes

                                                
* MATLAB also uses the term “FFT” rather than “DFT” to compute the discrete Fourier transform.
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learning them possible without advanced math skills and gives you a gut-level com-
prehension in the bargain.

The goal of this preview chapter is to introduce you to some new concepts, show you
some basic diagrams, familiarize you with the jargon, and give you a preliminary feel
for what’s going on. Please don’t be discouraged if everything is not obvious at first
glance.

The next few short chapters will walk you step-by-step through the main concepts and
the later chapters should answer most of the remaining questions. You should then be
prepared to correctly and confidently use wavelets and to better understand the more
advanced math-based texts and papers after you have seen wavelets “in action”.

1.1 What is a Wavelet?

A wavelet is a waveform of limited duration that has an average value of
zero. Unlike sinusoids that theoretically extend from minus to plus infinity,
wavelets have a beginning and an end. Figure 1.1–1 shows a representation
of a continuous sinusoid and a so-called “continuous” wavelet (a Daubechies
20 wavelet is depicted here).

Sinusoids are smooth and predictable and are good at describing constant-
frequency (stationary) signals. Wavelets are irregular, of limited duration,
and often non-symmetrical. They are better at describing anomalies, pulses,
and other events that start and stop within the signal.

Cosine Wave Db20 Wavelet

Figure 1.1–1 A portion of an infinitely long sinusoid (a cosine wave is shown here) and a fi-
nite length wavelet. Notice the sinusoid has an easily discernible frequency while the wavelet
has a pseudo frequency in that the frequency varies slightly over the length of the wavelet.
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Figure 1.1–2 shows how wavelets can be stretched or “scaled” to the same
frequency as the anomaly, pulse, or other event. Notice that as the wavelet
is stretched it has a lower frequency. Wavelets can also be shifted in time to
line up with the event. Knowing how much the wavelet was stretched and
shifted to line up (correlate) with the event gives us information as to the
time and frequency of the event.

Jargon Alert: In DSP scaling usually means changing the amplitude
of a signal or waveform. In wavelet terminology, however, the term
scaling means stretching or shrinking the wavelet in time. Thus the
term scaling usually has reference to the frequency (or more pre-
cisely pseudo frequency) of the wavelet. The term dilation is also
used to describe either stretching or shrinking the wavelet in time
(despite the dictionary definition).*

Stretched or “scaled” sinusoid Stretched or “scaled” wavelet

Figure 1.1–2 The infinitely long sinusoid is stretched (or scaled in wavelet terminology) and is
now a lower frequency. The Db20 wavelet is also stretched (scaled) and its pseudo frequency
(average frequency) is also lower.

1.2 What is a Wavelet Filter and how is it dif-
ferent from a Wavelet?

Wavelets are a child of the digital age. Some wavelets are defined by a
mathematical expression and are drawn as continuous and infinite. These
are called crude wavelets. However to use them with our digital signal, they
must first be converted to wavelet filters having a finite number of discrete
points. In other words, we evaluate the crude wavelet equation at the desired
points in time (usually equispaced) to create the filter values at those times.

                                                
* By this definition “dilated pupils” can mean eyes constricted to pinhole openings. “When I use a word it
means just what I choose it to mean—neither more nor less.”—Humpty Dumpty in “Through the Looking
Glass” by Lewis Carroll.



4 Conceptual Wavelets in Digital Signal Processing

© 2009 Space & Signals Technologies LLC, All Rights Reserved.  www.ConceptualWavelets.com

Jargon Alert: “Crude” wavelets are generated from an explicit
mathematical equation.

Figure 1.2–1 shows the whimsically-named Mexican Hat crude wavelet that
looks like the side view of a sombrero. The mathematical expression for this
particular wavelet as a function of time (t) is given by

mexh(t ) = 2 ( 3 −1 4 ){ }(1− t2 )e−t 2 2
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Figure 1.2–1 “Crude” Mexican Hat Wavelet with 17 points (a) then 33 wavelet filter points
superimposed on the continuous (crude) representation (a then b). Although the defining equa-
tion describes an infinite, continuous waveform, by using equispaced discrete points we have
created discrete, finite-length filters ready for use with digital computers.

Other wavelets start out as filters having as little as 2 points. Then an ap-
proximation or estimation of a continuous wavelet (for depictions) is built  by
interpolating and extrapolating more points. For these wavelets, there really
is no true continuous form, only an estimation built from the original filter
points. Figure 1.2–2 shows the 4 original filter points (plus 2 zeros at the
same spacing) of the Daubechies 4 (Db4) wavelet superimposed on a 768
point estimation of a “continuous wavelet” built from these points.*

                                                
* We will demonstrate later how we go from 6 points to 12, 24, etc. to 768. MATLAB uses 768 points as a
suitable approximation (estimation) of a “continuous” Db4 wavelet.

 a. 17 pts  b. 33 pts
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DB4 WAVELET BUILT FROM FILTER POINTS

Figure 1.2–2 768 point estimation of a “continuous” Daubechies 4 wavelet built from 6
equispaced filter points (the 4 original filter points and 2 end zeros) superimposed on the graph.

Some wavelets have symmetry (valuable in human vision perception) such
as the Biorthogonal wavelet pairs. Shannon or “Sinc” wavelets can find
events with specific frequencies. (These are similar to the “sin(x)/x” sinc
function filters found in traditional DSP.) Haar wavelets (the shortest) are
good for edge detection and reconstructing binary pulses. Coiflets wavelets
are good for data with self-similarities (fractals) such as financial trends.
Some of the wavelet families are shown below in Figure 1.2–3.

You can even create your own wavelets, if needed. However there is “an
embarrassment of riches” in the many wavelets that are already out there
and ready to go. With their ability to stretch and shift, wavelets are ex-
tremely adaptable. You can usually get by very nicely with choosing a less-
than-perfect wavelet. The only “wrong” choice is to avoid wavelets entirely
due to an abundant selection.

As you can see (Fig. 1.2–3), wavelets come in various shapes and sizes. By
stretching and shifting (“dilating and translating“) the wavelet we can
“match” it to the hidden event and thus discover its frequency and location in
time. In addition, a particular wavelet shape may match the event unusually
well (when stretched and shifted appropriately). This then tells us also about
the shape of the event  (It probably looks like the wavelet to obtain such a
good match or correlation.) For example, the Haar wavelet would match an
abrupt discontinuity while the Db20 would match a chirp signal (see the first
and fourth wavelets in Fig. 1.2–3).
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Haar Shannon or Sinc Daubechies 4 Daubechies 20

Gaussian or Spline Mexican Hat CoifletBiorthogonal

Figure 1.2–3 Examples of types of wavelets. Note 2 wavelets for the Biorthogonal. The Shan-
non, Gaussian, and Mexican Hat are “crude” wavelets that are defined by an explicit mathe-
matical expression (and whose wavelet filters are obtained from evaluating that expression at
specific points in time). The rest are estimations of a “continuous” wavelet built up from the
original filter points.

Jargon Alert: Shifting or sliding is often referred to as “translating”
in wavelet terminology.

1.3 The value of Transforms and Examples of
Everyday Use

Perhaps the easiest way to understand wavelet transforms is to first look at
some transforms and other concepts we are already familiar with.

The purpose of any transform is to make our job easier, not just to see if we
can do it. Suppose, for example, you were asked to quickly take the year
1999 and double it. Rather than do direct multiplication you would probably
do a home-made “millennial transform” in your head something like 1999 =
2000 – 1. Then after transforming you would multiply by 2 to obtain 4000 – 2.



Chapter 1 - Preview of Wavelets, Wavelet Filters, and Wavelet Transforms 7

© 2009 Space & Signals Technologies LLC, All Rights Reserved.  www.ConceptualWavelets.com

You would then take an “inverse millennial transform” of 4000 – 2 = 3998 for
the correct answer. You would have described the years in terms of millen-
nia (2000 – 1, 4000 – 2). In other words you compared years with millennia.

Another even more common example is when you ask a dieter how the pro-
gram is working out. They will usually tell you their weight loss, but not
their current weight. This in spite of the fact they have been doing daily for-
ward and inverse transforms between the bathroom scale reading and the
“brag value* that they share with the world. Here they would be describing
their progress in terms of weight loss (instead of bulk weight).

A more advanced example is of course the fast Fourier transform or FFT
which allows us to see signals in the “frequency domain”. Fig. 1.3–1 shows us
the constituent sinusoids of different frequencies (spectrum) that make up
the signal. In other words, we are correlating (comparing) the signal with
these various sinusoids and describing the signal in terms of its frequencies).

Jargon Alert: The use of the FFT is now so commonplace that it’s re-
sults are referred to as the “frequency domain” of a signal. (“Time
domain” is simply the original amplitude vs. time plot of a signal.)

Thus we can say that in the FFT we are comparing and describing the signal
in terms of sinusoids of different frequencies or “stretched” sinusoids (to use
wavelet terminology). In the wavelet transforms we will be comparing and
describing the signal in terms of stretched and shifted wavelets.

The FFT also allows us to manipulate the transformed data and then do an
inverse FFT (IFFT) for custom filtering such as eliminating constant fre-
quency noise. For signals with embedded events (the most interesting kind!)
the FFT tells us the frequency of the event but not the time that it occurred.

Fourier

• • • • • • • • • • • •

Constituent sinusoids (different magnitudes and frequencies)Signal

Transform

Figure 1.3–1 The signal can be transformed into a number of sinusoids of various sizes and
frequencies. When added together (inverse), these sinusoids reconstruct the original signal.

                                                
* Apologies to Sir Lawrence Bragg, a Physics and Signal Processing pioneer.
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1.4 Short-Time Transforms, Sheet Music, and
a first look at Wavelet Transforms

A possible solution to providing both time and frequency information about
an embedded event might be to divide the total time interval into several
shorter time intervals and then take the FFT for each interval. This time-
windowing method would narrow down the time to that of the interval
where the event was found. This short-time Fourier transform (STFT)
method has been around since 1946 and is still in wide use today.

While the STFT gives us a compromise of sorts between time and frequency
information, the accuracy is limited by the size and shape of the window. For
example, using many time intervals would give good time resolution but the
very short time of each window would not give us good frequency resolution,
especially for lower frequency signals.

Longer time intervals for each window would allow us better frequency
resolution, but with these fewer, longer windows we would suffer in the
time resolution (i.e. with very few windows we would have very few times to
associate with the event). Longer time intervals are also not needed for high
frequency signals.

Wavelet transforms allow us variable-size windows. We can use long time in-
tervals for more precise low-frequency information and shorter intervals
(giving us more precise time information) for the higher frequencies.

We are actually already familiar with this concept. Ordinary sheet music is
an everyday example of displaying both time and frequency information—
and it happens to be set up very similar to a wavelet transform display.

Besides demonstrating the concept of longer time for lower frequencies and
shorter times for higher frequencies, sheet music even has a logarithmic
vertical frequency scale (each octave is twice the frequency of the octave
below it). Musicians know that low notes take longer to form in a musical in-
strument. (Engineers know it takes a longer time to examine a low fre-
quency signal.) This is why the Piccolo solo from John Philip Sousa’s “Stars &
Stripes Forever” (Fig. 1.4–1) can’t be played on a Tuba.*

                                                
* There are in fact recordings of tuba players that can press the big valves fast enough to play all the notes in the
piccolo solo, but some of the notes themselves do not have enough time to form in the horn and are not heard.
DSP engineers would refer to this as insufficient integration time.
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Figure 1.4–1 Portion of the piccolo solo from John Philip Sousa’s “Stars and Stripes Forever”

Figure 1.4–2 shows octaves of the note “C” on sheet music (left). A wavelet
display is very much like the configuration to the right. If we use a base 2 log
scale so we have increasing frequency in powers of 2 as the y axis we can see
a remarkable comparison between the sheet music and the wavelet display.
(We will see more of this octave or power of 2 behavior a little later in the
discrete wavelet transforms.)

If you think about it, sheet music has another dimension besides discrete
time and frequency. The volume or magnitude of each note is indicated by
discrete indicators such as ff for fortissimo or very loud.* Sheet music even
describes the time increments. For example, Tempo 60 indicates 60 beats per
minute or 1 beat per second.

Time
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Figure 1.4–2 Comparison of 5 octaves of the note “C” on sheet music to a (vertically inverted)
wavelet transform time/frequency diagram. Note the powers of 2 in both time (linear scale) and
frequency (log scale) and that higher frequencies require less time for adequate resolution. Note
how magnitude is indicated by fortissimo (ff) on sheet music. Magnitude on the time/frequency
diagram at right is indicated by the brightness or color. Note that both representations indicate
discrete frequencies, discrete times, and discrete magnitudes.

                                                
* Fortissimo is Italian for very loud, pianissimo or pp indicates very soft. The other intensity notations (f, mf,
mp, p, etc.) indicate discrete levels of loudness. The modern piano or pianoforte got its name from its ability to
play notes either piano (soft) or forte (loud).
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In most (but not all) texts, the wavelet display at the right of Figure 1.4–2 is
drawn inverted (“flipped” vertically). In other words the high frequencies are
on the bottom and the lower frequencies are on top. The y axis on most wav-
elet displays shows increasing scale (stretching of the wavelet) rather than
increasing frequency.

Figure 1.4–3 shows a “sneak preview” of a wavelet transform display (c) and
how it compares to an ordinary time-domain (a) and frequency-domain (b)
display.

Imagine if a musical composer had to “de-compose”* by changing a single
note. If he used a musical form similar to (a) he would have to change all the
notes at a particular time (or “beat”). If he used a form similar to (b) he would
have to change all the notes of a particular frequency (or “pitch”). Using a
form similar to (c), as is sheet music, he can change only one note. This is
how denoising or compression is accomplished using wavelet technology. An
unwanted or unneeded portion of data (a computational “wrong note” if you
will) can be easily identified and then changed or deleted without appreciable
degradation of the signal or image.
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(Magnitude indicated
by Braightness)

Time Frequency

a.  2-DimensionalTime 
Domain Display

b.  2-D Frequency 
Domain Display (FFT)

c. 3-D Wavelet Display.
Brightness = Magnitude

Figure 1.4–3 Time domain, frequency domain, and “wavelet domain” display. Note that the
wavelet display (c) incorporates both time and frequency. Note the similarity to sheet music ex-
cept that this display (c) is inverted with increasing stretching or scale (inverse of frequency) as
the vertical or y-axis.
                                                
* “Decomposing” is a term actually used in the discrete wavelet transforms we will soon discuss. Beethoven is
even now decomposing. (You knew that was coming, right?)
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1.5 Example of the Fast Fourier Transform
(FFT) with an Embedded Pulse Signal

In this example we start with a point-by-point comparison of a time-domain
pulse signal (A) with a high frequency sinusoid of constant frequency (B) as
shown in Figure 1.5–1. We obtain a single “goodness” value from this com-
parison (a correlation value) which indicates how much of that particular si-
nusoid is found in our original pulse signal.

We can observe that the pulse has 5 cycles in 1/4 of a second. This means
that it has a frequency of 20 cycles in one second or 20 Hz.

Time (seconds)
0 1/4 1/2 3/4 1

Pulse Signal. 5 cycles in 
1/4 second =  20 Hz.  
Centered at 3/8 second.  

Sinusoid stretched to 20 Hz for 
comparison. Good correlation.  
Same frequency as pulse so 
peaks and valleys can align.

Sinusoid stretched to 
10 Cycles/Sec (10 Hz) 
for comparison.  Poor 
correlation again.    

40 Cycle per Second
(40 Hz) Sinusoid
for comparison with pulse 
signal A.  Poor correlation. 

A

B

C

D

Figure 1.5–1 FFT-type comparison of Pulse Signal with several stretched sinusoids. The
pulse (A) has 5 discernible “peaks” (local maxima) and 5 discernible “valleys” (local minima).
These peaks and valleys will line up best with those of sinusoid C. (We discuss shifts in time or
phase shifts to better align the pulse and sinusoid in a later chapter).
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The first comparison sinusoid (B) has twice the frequency of the pulse or 40
Hz. Even in the time interval where the signal is non-zero (the pulse) it
doesn’t seem intuitively like the comparison would be very good. (A small
mathematical correlation value bears this out.)

By lowering the frequency of (B) from 40 to 20 Hz (waveform C) we are ef-
fectively “stretching in time” (scaling) the sinusoid (B) by 2 so it now has only
20 cycles in 1 second. We compare (C) point-by-point again over the 1 second
interval with the pulse (A). This time the correlation of the pulse (A) with the
comparison sinusoid (C) is very good. The peaks and valleys of (C) and of the
pulse portion of (A) align in time (or can be easily phase-shifted to align) and
thus we obtain a large correlation value.

This same diagram (Fig. 1.5–1) shows us one more comparison of the pulse
with (A). This is our original sinusoid (B) stretched by 4 so it has only 10 cy-
cles in the 1 second interval. The correlation is poor once again because the
peaks and valleys of (A) and (D) no longer line up. We could continue
stretching until the sinusoid becomes a straight line having zero frequency
or “DC” (named for the zero frequency of Direct Current) but all these com-
parisons will be increasingly poor.

An actual FFT compares many “stretched” sinusoids (“analysis signals”) to
the original pulse rather than just the 3 shown in Figure 1.5–1. The best cor-
relation is found when the comparison sinusoid frequency exactly matches
that of the pulse signal. Figure 1.5–2 shows the first part of an actual FFT of
our pulse signal (A).

The locations of our sample comparison sinusoids (B, C, and D) are indicated
by the large dots. (The spectrum of our pulse signal is shown by the solid
curve.) Again, the FFT tells us correctly that the pulse has primarily a fre-
quency of 20 Hz, but does not tell us where the pulse is located in time.*

                                                
* The generalized mathematical equation for the DFT (implemented by the FFT algorithm) is a shortcut for
indicating the real cosines and imaginary sines (Xk) that make up the signal (xn). (We showed cosines only in
the above example to simplify and visually portray the process.)

kX = nx cos(2 nk / N)∑ − j nx sin(2 nk / N)∑
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Frequency (Hz)0 2010 30 40 50

BA C

Figure 1.5–2 Actual FFT plot of the above pulse signal with the three comparison sinusoids.

1.6 Examples using the Continuous Wavelet
Transform

Wavelet transforms are exciting because they too are comparisons, but in-
stead of correlating with various stretched, constant frequency sinusoid
waves they use smaller or shorter waveforms (“wave–lets”) that can start
and stop. In other words, the fast Fourier transform relates the signal to si-
nusoids while the wavelet transforms relate signals to wavelets. In the real
world of digital computers, wavelet transforms relate our discrete, finite
(digital) signal to the discrete, finite, wavelet filters.

Fig. 1.6–1 shows us some of the constituent wavelets that have been shifted
and stretched (from the mother wavelet) that make up the signal. In other
words, we are correlating (comparing) the signal with these various shifted,
stretched wavelets. An actual wavelet transform compares many stretched
and shifted wavelets (“analysis wavelets”) to the original pulse rather than
just these few shown in Figure 1.6–1.

Wavelet

Constituent wavelets (different magnitudes, stretching,  shifting)Signal

shifted

stretched only

stretched 

& shifted

stretched 

& shifted

mother

wavelet

Transform

Figure 1.6–1 The signal can be transformed into a number of wavelets of various stretching,
shifting, and magnitude. When added together these wavelets reconstruct the original signal.

Ma
gn

itu
de



14 Conceptual Wavelets in Digital Signal Processing

© 2009 Space & Signals Technologies LLC, All Rights Reserved.  www.ConceptualWavelets.com

Figure 1.6–2 demonstrates the stretching and shifting process for the con-
tinuous wavelet transform. Instead of sinusoids for our comparisons, we will
use wavelets. Waveform (B) shows a Daubechies 20 (Db20) wavelet about 1/8
second long that starts at the beginning (t = 0) and effectively ends well be-
fore 1/4 second. The zero values are extended to the full 1 second. The point-
by-point comparison* with our pulse signal (A) will be very poor and we will
obtain a very small correlation value.

Time (seconds)
0 1/4 1/2 3/4 1

Roughly 40 Hz Db20 Wavelet 
shifted to line up with pulse. 
Still poor comparison because 
frequencies don’t match.  

Roughly 40 Hz Daubechies 
20 (Db20) Wavelet
for comparison with pulse 
signal D.  Poor correlation. 

Pulse Signal. 5 cycles in 
1/4 second =  20 Hz.  

A

Db20 Wavelet stretched by 
2 to rougly 20 Hz and 
shifted for comparison.  
Good correlation.   

B

C

D

shift

stretch

Figure 1.6–2 CWT-type comparison of pulse signal with several stretched and shifted wav-
elets. If the energy of the wavelet and the signal are both unity, these the comparisons are corre-
lation coefficients. Note: Knowing how much (B) was stretched and shifted to match (A) tells us
the location and approximate frequency of the pulse. Also, a good match with this particular
wavelet tells us that the pulse looks a lot like the wavelet (sinusoidal in this case).

                                                
* The pulse and the wavelets are drawn here as continuous functions. In DSP we would have a finite number of
data points for the signal and we would be comparing these point-by-point with the finite number of values of
the Db20 wavelet filter.
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In the previous FFT discussion we proceeded directly to stretching. In the
wavelet transforms here we first shift the unstretched basic or mother wav-
elet slightly to the right and perform another comparison of the signal with
this new waveform to get another correlation value. We continue to shift and
when the Db20 wavelet is in the position shown in (C) we get a little better
comparison than with (B), but still very poor because (C) and (A) are differ-
ent frequencies.

Jargon Alert: The unstretched wavelet is often referred to as the
“mother wavelet”. The Db20 wavelet filter we are using here starts
out as 20 points long (hence the name) but can be stretched to many
more points. (A counterpart lowpass filter used in the upcoming
discrete wavelet transform is often called a “father wavelet”. Honest!)*

After we have continued shifting the wavelet all the way to the end of the 1
second time interval, we start over with a slightly stretched wavelet at the
beginning and repeatedly shift to the right to obtain another full set of these
correlation values.

Waveform (D) shows the Db20 wavelet stretched to where the frequency
(pseudo-frequency—ref. Fig. 1.1–1) is roughly the same as the pulse (A) and
shifted to the right until the peaks and valleys line up fairly well. At these
particular amounts of shifting and stretching we should obtain a very good
comparison and a large correlation value. Further shifting to the right, how-
ever, even at this same stretching will yield increasingly poor correlations.
Further stretching doesn’t help at all because even when lined up, the pulse
and the over-stretched wavelet won’t be the same frequency.

In the CWT we have one correlation value for every shift of every stretched
wavelet.† To show the correlation values (quality of the “match”) for all these
stretches and shifts, we use a 3-D display. Figure 1.6–3 shows a Continuous
Wavelet Transform (CWT) display for the pulse signal (A) in our example.

                                                
* Mathematically speaking, we replace the infinitely oscillating sinusoid basis functions in the FFT with a set
of locally oscillating basis functions which are stretched and shifted versions of the fundamental, real-valued
bandpass mother wavelet. When correctly combined with stretched and shifted versions of the fundamental, real-
valued lowpass father wavelet they form an orthonormal basis expansion for signals.
† The generalized equation for the CWT (shown below) is a shortcut that shows that the correlation coefficients
depend on both the stretching and the shifting of the wavelet, ψ, to match the signal (xn here) as we have just
seen. The equation shows that when the “dilated and translated” wavelet matches the signal the summation
will produce a large correlation value.

C(stretching,shifting) = nx (stretching,shifting)∑
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The bright spots indicate where the peaks and valleys of the stretched and
shifted wavelet align best with the peaks and valleys of the embedded pulse
(dark when no alignment, dimmer where only some peaks and valleys line
up, but brightest where all the peaks and valleys align). In this simple exam-
ple, stretching the wavelet by a factor of 2 from 40 to 20 Hz (stretching the
filter from the original 20 points to 40 points) and shifting it 3/8 second in
time gave the best correlation and agrees with what we knew a priori or “up
front” about the pulse (pulse centered at 3/8 second, pulse frequency 20 Hz).

We chose the Db20 wavelet because it looks a little like the pulse signal. If
we didn’t know a priori what the event looked like we could try several
wavelets (easily switched in software) to see which produced a CWT display
with the brightest spots (indicating best correlation). This would tell us some-
thing about the shape of the event.
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Basic wavelet shifted 
to right by 3/8 second 
and stretched to 20 
Hz (wavelet D) best 
matches pulse.

Unstretched 
(low scale, 
high freq) 40 
Hz wavelets 
(B and C) are 
a poor match 
and have no 
bright spots

Figure 1.6–3: Actual CWT display of the above example indicating the time and frequency of
the Pulse Signal. Shifting or translation of the wavelet (filter) in time is the x or horizontal axis,
stretching or dilation of the wavelet (the inverse of its pseudo frequency) is the y or vertical axis,
and the “goodness” of the correlation of the wavelet (at each x-y point) with the signal (pulse) is
indicated by brightness. The fainter bands indicate where some of the peaks and valleys line up
while the center of the brightest band (in the cross-hairs) shows the best “match” or correlation.

For the simple tutorial example above we could have just visually discerned
the location and frequency of the pulse (A). The next example is a little more
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representative of wavelets in the real world where location and frequency
are not visible to the naked eye. Wavelets can be used to analyze local
events as we will now see.

We construct a 300 point slowly varying sine wave signal and add a tiny
“glitch” or discontinuity (in slope) at time = 180 as shown in Figure 1.6–4 (a).
We would not notice the glitch unless we were looking at the closeup (b).
Using a conventional fast Fourier transform (FFT) on the signal shows its
frequency components (Fig. 1.6–5). The low frequency of the sine wave is
easy to notice, but the small glitch cannot be seen.
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Figure 1.6–4 Very small discontinuity at time = 180 (a) cannot be seen without a closeup (b).

While neither the (full-length) time domain or frequency domain display tell
us much about the glitch, the CWT wavelet display (Fig. 1.6–6) clearly shows
a vertical line at time = 180 and at low scales. (The wavelet has very little
stretching at low scales, indicating that the glitch was very short.) The CWT
also compares well to the large oscillating sine wave which hides the glitch.
At these higher scales the wavelet has been stretched (to a lower frequency)
and thus “finds” the peak and the valley of the sine wave to be at time = 75
and 225 (see Fig. 1.6–4). For this short discontinuity we used a short 4-point
Db4 wavelet (as shown) for best comparison.

Note that if we were to vertically invert this display with the lower frequen-
cies shown on the bottom, we would see many similarities to the sheet music
notation described earlier.

 a. Large sinewave
 with small glitch

 b. Closeup of glitch
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Figure 1.6–5 FFT magnitude plot (a) clearly indicates the presence of a large low-frequency
sinusoid. A closeup of the FFT (b) further defines the sine wave in frequency, but does not help
to find the glitch. Note: Even if the glitch were large enough to show a noticeable frequency com-
ponent in the FFT, this would still not indicate the time of the glitch-event.

Short “high frequency” wavelet 
compares well to discontinuity. 
It “finds” it’s location at 180.   

Stretched “low frequency” 
wavelet compares better to 
long sinusoidal (wave) signal. 
It “finds” peaks and valleys.  

Time

WAVELET PLOT OF SIGNAL & DISCONTINUITY

50 100 150 200 250 300
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16

18

20

Figure 1.6–6 CWT display of result of correlation of signal with various scales (stretching) of
the Daubechies 4 (Db4) wavelet. The short mother wavelet (filter) at scale = 2 is only 4 points
long (the “continuous” estimation of the Db4 is drawn). This short filter compares well with the
short glitch at time 180. The stretched wavelet (filter) at scale = 20 (top) is about 50 points long
and compares better to the large 300 point sinusoid of the main signal than to the glitch.*).
                                                
* We show only to scale = 20 here. A CWT display with much larger scale values would show the best correla-
tion with the sinusoid to be at about scale = 150. The Db4 wavelet filter is stretched to 300 points at scale =
150, and best fits the 300 points of the sine-wave signal. However the glitch at time = 180 would not be so
easily discernible on such a large scale display ant thus it is not shown. We can also adequately locate the peak
and valley of the sine wave at 75 and 225 using just this abbreviated-scale CWT plot—compare Fig 1.6–3 (a).

 a. Full FFT plot  b. Closeup of
     FFT plot
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1.7 A First Glance at the Undecimated Dis-
crete Wavelet Transform (UDWT)

Besides acting as a “microscope” to find hidden events in our data as we have
just seen in the continuous wavelet transform (CWT) display, Discrete wav-
elet transforms (DWTs) can also separate the data into various frequency
components, as does the FFT. We already know that the FFT is used exten-
sively to remove unwanted noise that is prevalent throughout an entire sig-
nal such as a 60 Hz hum.

Unlike  the FFT, however, the discrete wavelet transform allows us to re-
move frequency components at specific times in the data. This allows us a
powerful capability to throw out the “bad” and keep the “good” part of the
data for denoising or compression. Discrete wavelet transforms also incorpo-
rate easily computed inverse transforms (IDWTs) that allow us to reconstruct
the signal after we have identified and removed noise or superfluous data.

A fair question before proceeding is “What is continuous about the continu-
ous wavelet transform in our world of digital computers that works with dis-
crete data? Aren’t all these transforms “discrete”? What then differentiates
these discrete wavelet transforms from the so-called continuous ones?”

The answer is that although all wavelet transforms in DSP are technically
discrete*, the so-called continuous wavelet transform (CWT) differs in how it
stretches and shifts. The term “continuous” in a CWT indicates all possible in-
teger factors of shifting and stretching (e.g. by 2, 3, 4, 5, etc.) rather than a
mathematically continuous function. By contrast, we will see that discrete
wavelet transforms stretch and shift by powers of 2. Another difference is
that the continuous wavelet transform uses only the one wavelet filter while
the discrete wavelet transform uses 3 additional filters as we will soon dis-
cover. We will now look at the 2 best known and most utilized of the DWTs—
the conventional discrete wavelet transform (DWT) and the undecimated
discrete wavelet transform (UDWT).

Jargon Alert: Stretching or shifting by powers of 2 is often referred
to as “dyadic”. For example, dyadic dilation means stretching (or
shrinking) by factors of 2 (e.g. 2, 4, 8, 16 etc).

                                                
* As is the discrete Fourier transform  (implemented by the FFT algorithm).
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The undecimated discrete wavelet transform (we’ll explain why it’s called
“undecimated” in a moment) is not as well known as the conventional dis-
crete wavelet transform. However it is simpler to understand than the con-
ventional DWT, compares better with the continuous wavelet transform we
have just studied and is similar enough to the DWT to provide a clear learn-
ing “bridge”. UDWTs also don’t have the “aliasing” problems we will soon en-
counter and discuss in the conventional DWT.

Figure 1.7–1, (a) shows the simplest UDWT. The first thing you will notice on
this signal flow diagram is that it has 4 filters. This is called a filter bank for
this reason. (We will run into this type of figure a lot during the book, but it’s
not necessary to completely understand it at this point in the preview.) These
4 filters are closely related (complimentary) as we will see later.

The left half of the UDWT is called the decomposition or analysis portion
and comprises the forward transform. The right half is called the reconstruc-
tion or synthesis portion and comprises the inverse transform.* The vertical
bar separating the 2 halves represents the area where we can add more
complexity (and capability), but we proceed by ignoring the bar for now.

S  S’

D1

A1

Highpass Halfband Filter

Lowpass Halfband Filter

b.H

S

L L’

H’

 S’

D1

A1

cD1

cA1

a.

Figure 1.7–1 Single-level undecimated discrete wavelet transform (UDWT) filter bank shown
at left (a). The forward transform or analysis part is the half to the left of the vertical bar and is
usually referred to as the decomposition portion. The inverse transform or synthesis part is the
half to the right of the vertical bar and is called the reconstruction portion. The bar itself is
where additional levels of decomposition and reconstruction can be inserted, producing higher
level UDWTs. If the data is left unchanged (no activity in the vertical bar) the functional equiva-
lent of this single-level UDWT is shown in the right diagram (b).

                                                
* The terms UDWT and IUDWT are occasionally used as labels for the forward and inverse transforms. Usu-
ally, however, the term UDWT refers to both halves. The discrete Fourier transform (DFT) and the function-
ally-equivalent fast Fourier transform (FFT) also use the terms analysis and synthesis to describe their left and
right (forward and inverse) halves (FFT and IFFT).
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Jargon Alert: “Decomposition” in wavelet terminology means split-
ting the signal into 2 parts using a highpass and a lowpass filter.
Each of the 2 parts themselves can be decomposed further (split into
more parts) using more filters. “Reconstruction” means using filters
to combine the parts. “Perfect reconstruction” means that that the
signal at the end is the same as the original signal (except for a pos-
sible delay and a constant of multiplication).

On the upper path of Fig. 1.7–1, (a) the signal, S, is first filtered by H
(highpass decomposition filter) to produce the coefficients cD1. At this point
we can do further decomposition (analysis) for compression or denoising, but
for now we will proceed directly to reconstruct (synthesize) the signal. cD1 is
next filtered by H’ (highpass reconstruction filter) to produce the Details
(D1). The same signal is also filtered on the lower path by the lowpass de-
composition filter L to produce the coefficients cA1 and then by the lowpass
reconstruction filter L’ to produce the Approximation (A1).

Jargon Alert: “Approximation” in Wavelets is the smoothed signal af-
ter all the lowpass filtering. “Details” are the residual noise after all
the highpass filtering. cA1 designates the Approximation Coefficients
and cD1 designates the Details Coefficients. These coefficients can be
broken down (decomposed) into further coefficients in higher level
systems (depicted by the vertical bar in the center of the diagrams).

H and H’ together produce a highpass halfband filter while L and L’ produce
a lowpass halfband filter as seen in Fig. 1.7–1, (b). These 4 wavelet filters are
non-ideal filters and there is some overlap as depicted below in the frequency
allocation diagram (Figure 1.7–2).

Jargon Alert: “Halfband filters” split the frequency into a lowpass
and a highpass “half” (A1 and D1 here), usually with some overlap.
We refer to all 4 filters as wavelet filters, but some texts refer to the 2
lowpass filters as scaling function filters and the 2 highpass as wav-
elet filters. Some call only H’ the wavelet filter. Again, Caveat Emptor.

Fig. 1.7–1 showed a single-level UDWT. Fig. 1.7–3 shows a 2-level UDWT.
(Note the additional decomposition and reconstruction as cA1 is split into
cD2 and cA2.) Multi-level UDWTs allow us to stretch the filters, similar to
what we did in the CWT, except that it is done dyadically (i.e. by factors of 2).
The stretching is done by upsampling by 2 (e.g. “Hup”) and then filtering (a
common method of interpolation in DSP). With this further decomposing and
reconstruction we can split the signal into more frequency bands (Fig. 1.7–4).
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Figure 1.7–2 Frequency allocation after a single-level UDWT*. The diagram is illustrative
only and the actual shape depends on the wavelet filters. Note overlap from non-ideal filtering.
When the Details and Approximations are added together they reconstruct S’ (D1 + A1 = S’)
which is identical to the original signal, S, except for a delay and usually a constant of multipli-
cation. For a very simple denoising, we could just discard these high frequencies in D1 (for
whatever time period in the signal we choose) and A1 by itself would be a rudimentary
“denoised” signal.

H

L

Hup

H

S
S’

Lup Lup
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Creates 
stretched
lowpass filter.

Creates stretched highpass 
filter

L

D1

D2

A2

cD1

cD2

cA2

A1cA1

Figure 1.7–3 A 2-level UDWT. The signal, S, is split into cD1 and cA1. We then split cA1
into cD2 and cA2. The final signal, S’, is now reconstructed by combining A1 and D1. Since A1
is obtained by combining D2 and A2, S’ = A1 + D1 = A2 + D2 + D1. We could do some denois-
ing or compression at this point. If there was nothing of interest in D2, for example, we could
zero it out and would have S’ = A2 + 0 + D1 = A2 + D1. Notice that if we set the coefficients
cD2 to zero that this would also cause D2 to be zero (filtering of zeros still produces zeros). We
will discuss multi-level UDWTs in detail later.
                                                
* The Nyquist or “folding” frequency is the highest possible frequency without aliasing (discussed shortly).
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NORMALIZED 
FREQUENCY
(NYQUIST = 1)

A2 D2 D1

A1
S

FREQUENCY 

Figure 1.7–4 Frequency allocation after a 2-level UDWT. Note that the A1 is now split into 2
sub-bands. This allows us better flexibility in denoising or compression.

Jargon Alert: “Upsampling by 2” means placing zeros between the ex-
isting data points. For example, A time-sequence of the numbers
[6,  5,  4,  3] would become with upsampling by 2

[6, 0, 5, 0, 4, 0, 3].

or in some cases

[0, 6, 0, 5, 0, 4, 0, 3, 0]

with a leading and/or a trailing zero (more on interpolation later).

The UDWT (sometimes referred to as the redundant DWT or RDWT) with
it’s method of inserting zeros as part of the stretching of the filters is thus
also called the “A’ Trous” method which is French for “with holes” (zeros).

A 4-level UDWT with more stretched filters splits the signal into 5 frequency
sub-bands (Figure 1.7–5).
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Figure 1.7–5 Frequency allocation in a 4-level UDWT. Note that S is split into A1 and D1,
A1 is split into A2 and D2, A2 is split into A3 and D3, and finally A3 is split into A4 and D4.
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The 4-level UDWT signal flow diagram is not shown in this preview because
of its size and complexity, but it functions very similar to the 2-level UDWT
except that the filters are stretched not only by 2, but also by 4 and 8 to give
us these additional sub-bands. Don’t worry if you don’t understand these
multi-level systems in this preview. We’ll talk more about them later. They
are presented here mainly to show you what they look like and how they
have stretched filters similar to the CWT. Hang in there.

1.8 A First Glance at the conventional Discrete
Wavelet Transform (DWT)

We stretched the wavelet continuously (by integer steps) in the CWT and
dyadically (by factors of 2) in the UDWT. In the conventional DWT we shrink
the signal instead (dyadically) and compare it to the unchanged wavelet fil-
ters. We do this through “downsampling by 2”.

Jargon Alert: “Downsampling by 2” means discarding every other
signal sample. For example a sequence of numbers (signal) [5   4   3  
2] becomes [5    3] (or [4   2] depending on where you start). This is
also referred to in wavelet terminology as “decimation by 2” (in spite
of the dictionary definition for the prefix “Deci”).

A single-level conventional DWT is shown in Figure 1.8–1 with the decompo-
sition or analysis portion on the left and the reconstruction or synthesis por-
tion on the right half*. Downsampling and upsampling by 2 is indicated by the
arrows in the circles. For example, if we downsampled then immediately up-
sampled [5  4  3  2] we would first have [5  3] and then [5  0  3  0].

Further decomposition and reconstruction (a higher level DWT) is done in
the vertical bar separating the 2 halves. The single-level DWT shown here is
the same as the single level UDWT except that in discarding every other
point, we have to deal with aliasing. We must also be concerned with shift
invariance (do we throw away the odd or the even values?—it matters!).†

                                                
* As with the UDWT, the term DWT usually refers to both the left half or forward  DWT and the right half or
inverse DWT (occasionally called the IDWT).
† The UDWT has neither of these problems. We will discuss aliasing and shift invariance more in later chap-
ters.
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Figure 1.8–1 Single-level conventional DWT. Similar to the single-level UDWT with the same
filters (H, H’, L, and L’) but with upsampling and downsampling. With no activity in the verti-
cal bar, the coefficients cD1 and cA1 will be unchanged between the end of decomposition and
the start of reconstruction. Notice that with downsampling the coefficients cD1 and cA1 are
about half the size as those in the Undecimated DWT (UDWT).

Jargon Alert: “Aliasing” means 2 or more signals have the same
sample values. One pathological example of aliasing caused by
downsampling by 2 would be a high frequency oscillating time sig-
nal:

[1 -1  1 -1  1 -1  1 -1  1 -1  1 ...

If we downsample by 2 we have left over

[1     1     1     1     1     1 ...

which is a DC (zero frequency) signal. This is obviously not the high
frequency signal we started with but an “alias” instead.

With the potential for aliasing problems because of downsampling we would
not expect to be able to perfectly reconstruct the signal as we did in the
UDWT. One of the remarkable qualities of DWTs is that with the right wav-
elet filters (H, H’, L and L’) we can perfectly reconstruct, even with aliasing!
The stringent requirements on the wavelet filters to be able to cancel out ali-
asing is part of why they often look so strange (as we saw in Figure 1.2–3).
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Jargon Alert: Filters in these filter banks that are able to cancel out
the effects of aliasing (if used correctly) are called “Perfect Recon-
struction Quadrature Mirror Filters” or PRQMFs“.

As with the UDWT, we can denoise our signal by discarding portions of the
frequency spectrum—as long as we are careful not to discard vital parts of
the alias cancellation capability. Correct and careful downsampling also aids
with compression of the signal. With downsampling, cD1 and cA1 are only
about half the size as in the UDWT. So compared to the conventional DWT,
the UDWT is “redundant”. This is why it’s often called a redundant DWT.

Multi-level conventional DWTs produce the same frequency sub-bands as the
multi-level UDWTs we saw earlier (if the aliasing is correctly dealt with).
Figure 1.8–2 shows a 2-level conventional DWT. The frequency allocation is
the same as the 2-level UDWT (see Fig. 1.7–2). Notice that we use the same
4 wavelet filters (H, H’, L, and L’) repeatedly in a conventional DWT.

It’s usually the high-frequencies that comprise the noise in a signal, thus we
decompose the lower frequencies in these multi-level transforms. Figure
1.8–2 shows cA1 split into cA2 and cD2 but cD1 is not split further. We can,
of course split these Details further if we want to. This is done using a wav-
elet packet transform and we will look at these in later chapters.
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Figure 1.8–2 2-level conventional DWT. Instead of stretching the filters as in the UDWT (and
CWT), we “shrink” the signal through downsampling and use the same 4 filters (H, H’, L, and
L’) throughout. Note that with downsampling cD2 and cA2 are about 1/4 the size as those in
the UDWT.
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1.9 Examples of use of the conventional DWT

As mentioned, an important advantage of a wavelet transform is that, unlike
an FFT, we can threshold the wavelet coefficients for only part of the time.

Jargon Alert: To “threshold” (used as a verb here) means to disallow
all numbers that are either greater or less (depending on the appli-
cation) than a specified value or threshold (used now as a noun).

We will use a seven-level DWT for this next example. Instead of simply A1
and D1 as we saw in Figure 1.8–1, we would have further decomposition of
A1 into A2 and D2, then A2 into A3 and D3, and so on until A6 is decomposed
into A7 and D7. The frequency allocation for a conventional DWT (assuming
no aliasing problems) is the same as that for the UDWT. For example, see
figure 1.7–5 for the allocation by a 4-level DWT (or 4-level UDWT).

Suppose we had a binary signal that had a great deal of noise added which
changed frequency as time progressed (e. g. “chirp” noise). Using a 7-level
DWT the noise would appear at different times in the different frequency
sub-bands (D1, D2, D3, D4, D5, D6, D7 and A7). We could automatically
threshold out the noise at the appropriate times in the frequency sub-bands
and keep the “good” signal data.

A portion of the original noiseless binary signal is shown in Figure 1.9–1. The
values alternate between plus and minus one (a Polar Non-Return to Zero or
PNRZ signal). We next bury the signal in chirp noise that is 10,000 times as
great (80 dB). Looking at the signal buried in noise (Figure 1.9–2) we see
only the huge noise in the time domain (a). Using an FFT on the noisy signal
we see only the frequencies of the noise (b).

However, using a conventional DWT with a time-dependant automatic
threshold for the various frequency sub-bands, we are able to reconstruct
the binary signal (see Fig. 1.9–3) from the “scraps” left over after the chirp
segments were thresholded out at the appropriate times. (More details on
how this was done will be given later).

+ 1

- 1
Figure 1.9–1 Portion of original binary signal. Values alternate between plus and minus one.
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Figure 1.9–2 Signal buried in 10,000 times chirp noise is undetectable in either the ampli-
tude vs. time plot (a) or the magnitude vs. frequency (FFT) plot (b).
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Figure 1.9–3 Successful use of discrete wavelet transform. Portion of denoised signal using
time-specific thresholding with a 7-level conventional DWT is shown at bottom. Original binary
signal. is redrawn at top for comparison. The final result is not a perfect reconstruction of the
original, but close enough to discern the binary values.

Modern JPEG compression also uses wavelets. Figure 1.9–4 shows JPEG
image compression. The image on the right was compressed by a ratio of 91:1
using a conventional DWT with a Biorthogonal 9/7* set of wavelets.

                                                
* As will be explained further in later chapters, the Biorthogonal 7/9 filters have 7 points in H and L’ and 9
points in H’ and L. This particular set of wavelet filters is referred to in MATLAB as “Bior4.4”
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Biorthogonal 
Wavelet Pair

Figure 1.9–4  JPEG image compression of 91:1 achieved with a conventional DWT using a
Biorthogonal 9/7 set of symmetrical wavelets.

1.10 Summary

In this preview chapter we introduced wavelets by drawing them as continu-
ous functions, but told how they are actually implemented in a digital com-
puter as discrete, short wavelet filters. We showed how some filters come
from a mathematical expression for a continuous wavelet (crude wavelets)
while other wavelets start out as filters with just a few points and then are
built into a suitable estimation of a continuous wavelet. We then looked at
various types of wavelets and their uses.

We next looked at transforms we use everyday and the (hopefully) familiar
FFT and showed how they can be thought of as comparisons (correlations).
We saw that the FFT has the shortcoming of not being able to determine the
time of an embedded event. We discussed short-time Fourier transforms and
then introduced the concept of wavelet transforms by comparing them to or-
dinary sheet music. We compared the fast Fourier transform (FFT) to the
continuous wavelet transform (CWT) using an embedded pulse signal as an
example. We next showcased the ability of a CWT to identify the time of oc-
currence of an embedded glitch, it’s frequency, and it’s general shape.

We moved on to the undecimated discrete wavelet transform (UDWT) and
showed how it is similar in many ways to the CWT but uses all 4 wavelet fil-
ters rather than just one. We also noted that the stretching is done only by
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factors of 2 (dyadically) in the UDWT rather than by every possible integer
value as in the so-called “continuous” wavelet transform.

We continued building our understanding from FFT to CWT to UDWT by
next moving on to the conventional DWT. The DWT is similar to the UDWT
but introduces downsampling and thus potential aliasing problems. We men-
tioned special filters that (if used correctly) can cancel out the effects of ali-
asing! We showed two examples of uses of the DWT in signal denoising in a
severe environment and in image compression (JPEG). In the next few short
chapters we will do a step-by-step walk through of these various transforms.

We stress again that this preview is intended to give the reader a feel for how wavelets
and wavelet transforms work. The next 12 chapters and the appendices will provide
much more information and facilitate a real-world understanding and applications of
these amazing tools.

Another option for understanding wavelets is to attend one of the open seminars by
Mr. Fugal. The comments from attendees have been very favorable and are one reason
why a book and website were developed. In fact, all the chapters in the book (including
this one) are written using the completed seminar slides as the basis. Contact D. Lee
Fugal at (toll-free) 877-845-6459 for information on the next open seminar. Private
seminars are also available for your company or organization.

Be sure to visit our website at www.conceptualwavelets.com for more information,
downloads, updates, color slides, additional case studies, corrections, and FAQs.

You can also selectively solidify your understanding by using the consulting services
of Mr. Fugal to clarify or expand on specific sections. You are also welcome to contact
him for comments and suggestions, a short specific question, or for general advice. He
can be reached during business hours at the above number or at l.fugal@ieee.org.

There is much more to discover than can be presented in this short preview. The time
spent, however, in learning, understanding and correctly using wavelets for these
“non-stationary” signals with anomalies at specific times or changing frequencies (the
fascinating, real-world kind!) will be repaid handsomely.



CHAPTER

11
Case Studies of Wavelet
Applications

Having seen the properties and some general applications of the various types of wav-
elets, we are now ready to gain a conceptual understanding of some applications to
case studies. While we will not be demonstrating all the wavelets or types discussed, we
should be able to gain some intuitive insights into wavelet use.

In addition to some new examples, we will re-visit some that have been introduced ear-
lier in the book and can now be better understood with the further knowledge and in-
sights we have since acquired.

11.1 White Noise in a Chirp Signal

We begin by adding white noise to a chirp signal. The result is shown in Fig-
ure 11.1–1 below at left. The FFT at right shows that the white noise appears
at all frequencies (hence the name “white” as in all colors) and will be diffi-
cult to remove using conventional FFT methods.
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Figure 11.1–1 A chirp signal with white noise is shown in the time and frequency domains.

Using a conventional (non-wavelet) lowpass filter to keep only the low fre-
quencies produces the time and frequency results shown in Figure 11.1–2.
The low-frequency portion is fairly well denoised, but the high-frequency
portion (most of this chirp signal) has been severely attenuated.
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Figure 11.1–2 Conventional lowpass filtering accomplishes some denoising at the start of
the signal (left graph) but destroys most of the signal as well as the noise. This is also seen in
the FFT shown at right.

If we adjust the lowpass filter to be less severe we have the denoised signal
as shown in Figure 11.1–3. More of the signal is preserved but the highest
frequencies are still lost and the beginning of the signal is not de-noised very
well.
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Figure 11.1–3 . Less severe conventional lowpass filtering keeps more of the signal (but not
all) and the high frequency noise is still present, especially at the beginning.

We use a conventional DWT to attempt to denoise this signal. The decompo-
sition is shown if Figure 11.1–4. We try first a Db6 filter because it looks like
it might “match” portions of this asymmetric signal (ref. Fig. 6.4–2) and be-
cause it is short (6 points).
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Figure 11.1–4 Display of a conventional DWT of signal using a Db6 wavelet.

The signal is 1024 points (2^10) long so we could downsample 10 times, how-
ever a 5-level DWT, as shown here, is sufficient. The original noisy chirp sig-
nal is shown in the upper left graph while a mini-CWT of the signal is shown
at upper right (every 10th scale is sufficient in this case). The 5 levels of Ap-
proximations are at left while the 5 levels of Details are shown at right.

A frequency allocation diagram for a 5-level DWT (or UDWT) is shown in
Figure 11.1–5. We now demonstrate the time/frequency manipulation capa-
bilities of wavelet technology. We will keep only some of the data within a
certain time and within a certain frequency range.

We notice in the above DWT display that different parts of the noisy chirp
signal appear in levels D1 through D5. For example, in D1 (graphic directly
beneath the mini-CWT) it appears that the “signal” portion begins at about
time = 650 and that everything before that can be attributed to noise. We
thus set the first 650 D1 values to zero to attempt to de-noise the signal.
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 Figure 11.1–5 Frequency allocation for a 5-level DWT. Notice that S = D1+A1 =
D1+D2+A2 =    = D1+D2+D3+D4+D5+A5. Note also that the filters are imperfect.

For D2 it appears that the signal portion is located between about 400 to 800.
Thus we place zeros everywhere else.* This process is shown below in Figure
11.1–6 for D1 and D2.
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 Figure 11.1–6 D1 (1st graph) and D2 (third graph) are adjusted to be zero except for the
specified times (650 to 1024 for D1 and 400 to 800 for D2).

We continue this process through D5, keeping only the signal portions. We
are now ready to add the denoised details D1 through D5 together with A5
(ref. Fig. 11.1–5) to reconstruct our signal. We are not seeking perfect recon-
struction here but instead we wish to denoise the signal. Figure 11.1–7
shows the final result with this method of denoising.

                                                
* Although this process is being done somewhat “by hand” here, the MATLAB Wavelet Toolbox has interac-
tive graphics called “interval-dependent thresholding” that allows the user to quickly discard unwanted data in
specified periods of time.
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 Figure 11.1–7 The original noisy signal is shown at left. Denoising using a 5-level DWT
with Db6 wavelet filters gives the result at right. Compare with Figs. 11.1–2 and 11.1–3.

The results are impressive, especially when compared with conventional DSP
methods. They can be possibly improved by trying other wavelets or by per-
forming the time/frequency manipulations on additional levels.

We will talk further in an upcoming chapter about “throwing out the baby
with the bathwater”—throwing away some alias cancellation capability as we
discard the noisy parts of D1 through D6. For now, we can state that in each
of the levels the noise was far less than the signal and the effect of aliasing
was minimal. We will compare this later with the results obtained using the
Undecimated DWT which has no such aliasing problems.

11.2 Binary Signal Buried in Chirp Noise

This next example is similar to the first except we have a binary signal and
the noise is in the form of a chirp.* The process is similar to that of the last
section. Figure 11.2–1 shows a Binary Phase Shift Keying, Polar Non-Return
to Zero (BPSK PNRZ) signal in both the time and frequency domains. This
example was mentioned in the overview Chapter One. We now provide more
details.

                                                
* A constant frequency jammer can be easily removed from data by conventional notch filtering using FFT
methods. A chirp jammer is more difficult because the frequency keeps changing. Wavelets work well here.
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 Figure 11.2–1 The original binary signal is shown in the time domain. Note the values al-
ternate between –1 and +1. The FFT of this signal is shown at right.

The signal is next buried in 80 dB* of chirp noise as shown in Figure 11.2–2.
The left plot shows the chirp noise values from –10,000 to +10,000. Although
we can’t see the small binary signal with this much noise added, we show a
close-up (right graphic) of the noise from –100 to +100 with the original bi-
nary signal over-plotted for comparison (the signal overplotted on the full
noise would look like a straight line). Looking at the signal in the frequency
domain does not offer much hope of finding it either (ref. Fig. 1.9–2).
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 Figure 11.2–2 Binary signal from –1 to +1 with noise from –10,000 to +10,000 added is
shown at left. A close-up is shown at right with the original binary signal overplotted (the signal
would not be visible in 80 dB of noise). Note the dimensions.

                                                
* Decibels, not Daubechies—the decibel is named for Alexander Graham Bell and is abbreviated “dB” while a
Daubechies wavelet is named for Ingrid Daubechies and is abbreviated “Db”.
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This is another instance where we use wavelets. We talked earlier about
matching the wavelet to the signal. In this case we might consider a Haar
wavelet because it looks like the binary signal. However, with this much
noise we wouldn’t be able to find it! Instead, we will match the wavelet to the
noise. Because the signal is 8192 points long we will use a longer Db40 wav-
elet as shown in Figure 11.2–3. This looks a lot like the chirp signal and, as
we mentioned for large Daubechies filters, is fairly smooth. Also, this longer
wavelet should provide for fairly good frequency discrimination.
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 Figure 11.2–3 4954 point estimation of the “continuous” Db40 wavelet with the 40 points
of the H’ filter that created it superimposed (along with trailing zeros).

We will use a 7-level DWT here. The results are shown in Figure 11.2–4 be-
low. We notice that the match of the wavelet to the noisy signal is excellent
and that the highest frequency portion of the chirp noise is found in right-
hand part of D1 (ref. Fig. 11.1–5). Mid-frequency portions are found in the
center of the D2 through D5 plots and the lowest frequencies are found at
the left of the D6 and D7 plots.

We can also literally see how A1 and D2 combine to make the signal (left top
graph), how A2 and D2 combine to make A1 and so on.
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Figure 11.2–4 7-level DWT of binary signal with 80 dB of noise added. Wavelet filters used
are Db40.

Looking at D2 (Details, #2) on the above display we might assume we would
be “safe” to delete the values from about 1500 to 7500 because the chirp por-
tion seems to be isolated in this area. A close-up look at D2 limiting the val-
ues to the range –2 to +2 (rather than –10000 to + 10000) tells a different
story as shown in Figure 11.2–5 (left). We see a binary pattern in the first
1000 points and perhaps a few more points at the end. Rather than plotting
close-ups and setting the chirp jammer portions to zero by hand, we can
automate this process. We use a “reverse threshold’ in which any values of
the signal greater than, say, 2 (or less than –2) are set to zero.*

                                                
* We can set up this “reverse” threshold in software or we can use median filtering to keep the binary parts.
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 Figure 11.2–5 Close-up of D2 showing remnants of the signal at left. After reverse thre-
sholding using a median filter we keep only the values less than 2 and set to zero all the large
values as shown in the right graph.

The right graph of Figure 11.2–5 above shows the result. We have only the
“scraps” left over (in this frequency bandwidth of D2). However, looking
again at the 7 Details on the above DWT display we can see that these
“scraps” will be located at different times. D1 with the chirp noise removed
gives us remnants at the beginning while D3 and D4 give us remnants in the
middle and D6 and D7 give us remnants at the end.

With the chirp portions thresholded to zero we now combine these de-noised
Details as

Sig’ = A7 + D7’ + D6’+ D5’ + D4’ + D3’ + D2’ + D1’

where the prime indicates de-noised. A close-up of the denoised signal is
shown in Figure 11.2–6 along with the original binary signal for comparison.
The denoising is not perfect, but allows us to reconstruct a recognizable bi-
nary signal. This would not have been possible using conventional DSP
methods.

This is a good example of how wavelets are useful to match either the signal
or the noise and how the time/frequency nature of wavelet processing allows
us flexibility we would not find in either the time or the frequency domains
by themselves.
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 Figure 11.2–6 Portion of signal pulled from 80 dB of noise using time-specific thresholding
with a 7-level conventional DWT is shown at top. Original binary signal. is redrawn at bottom
for comparison.

11.3 Binary Signal with White Noise

This time a binary signal has intermittent white noise added as shown in
Figure 11.3–1. The signal has 16 “chips” (binary value +1 or –1) per bit. For
example, the binary sequence [1 –1] is represented by 16 values of +1 fol-
lowed by sixteen values of –1. The “pure” signal here is 1024 chips (points)
long and represents 64 bits. The first 8 bits are [1 –1  1 –1  1  1 –1 –1].
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Figure 11.3–1 Binary signal with 16 ”chips” per bit is shown at left. Intermittent pseudo-
random noise is added as shown at right.

We can actually see part of the signal in the time domain, but not enough to
decode it. Figure 11.3–2 shows the pure binary signal and the noisy signal in
the frequency domain.
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Figure 11.3–2 FFT of the original binary signal at left and the FFT of the signal with in-
termittent noise at right.

We will encounter problems using conventional DSP lowpass filtering tech-
niques because of the amount of high frequencies that come from the
“untouched” portions of the pure binary signal (ref. Fig. 11.3–2, left). In other
words, both the signal and the noise have high frequency components.

A square wave, as most audio enthusiasts know, is made up of many fre-
quencies.* Also, we have tried to make the binary signal realistic by including
“wide” areas (e.g. sections where the bit pattern is “–1 –1 –1 –1” etc. instead
of just “1 –1  1  1 –1  1 –1” etc.). Thus having sections in the signal with the
(variable-length) square bits may actually make it harder to separate from
the sporadic noise using conventional filtering techniques.

One conventional method might be to use a series of Short Time Fourier
Transforms (STFTs) on the “clean” and noisy sections separately. However,
wavelet technology incorporates this same time/frequency capability with a
better match to the signal than the FFT sinusoids.

We have seen in the previous 2 examples methods of using the simultaneous
time/frequency capabilities of wavelets by selectively denoising the Details at

                                                
* Early Rock musicians would intentionally crank up their tube-type amplifiers to distortion. Instead of “clean”
sinusoids the tops and bottoms of the sine waves would be clipped flat and would look more like square waves
and sound to the human ear like a combination of many high-frequency harmonics and overtones. The next gen-
eration of amplifiers provided a smoother attenuation and less harmonics—which caused the old tube amplifiers
to be highly sought after by the Rock musicians! Amplifier manufacturers finally caught on and developed solid-
state units that provide flat clipping and the harmonic distortions so loved by some young musicians (and tol-
erated at best by most senior DSP professors).
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specified times and we could do that again here. However, we will show in-
stead the power of a good match of wavelet to signal.

This time we will begin by choosing a wavelet that matches the binary sig-
nal—the Haar would be a good choice. Using a conventional DWT we could
decompose up to 10 levels (1024 = 2^10) but 5 levels will adequately demon-
strate the process. First we will perform the DWT on the pure noiseless bi-
nary signal using the Haar wavelet. The display is shown in Figure 11.3–3.

We notice that the Details in levels 1 through 4 are zero. This is true for any
time interval of the binary signal. For example the “skinny” square waves at
the beginning of the pure binary signal (ref. Fig. 11.3–1 at left) as well as the
“fat” square waves closer to the middle (times roughly 200 to 500) all produce
zero values for the Details in levels 1 through 4. This means that for any bi-
nary signal similar to this test case the information is captured in the higher
levels (D5, D6, etc.) that we have learned represent the lower frequencies
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Figure 11.3–3 DWT of the original binary signal (top left) with CWT (top right).
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Specifically, we know that the pure binary signal, S, can be represented by

S = D1+A1 = D2+D1+A2 = . . . = D4+D3+D2+D1+A4

But with the Details being zero on the first 4 levels we have

S = 0 + 0 + 0 + 0 + A4 = A4

We can see this in the above DWT display as we compare the signal (top left)
to the Approximations in levels 1 through 4.

The DWT display of the binary signal with intermittent noise is shown in
Figure 11.3–4.
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Figure 11.3–4 DWT of the original binary with intermittent noise added.

We notice that there is information in all 5 levels of Approximations and De-
tails. However, we now know that for a binary signal similar to our test case
that the information in levels 1 through 4 of the Details is all noise. This
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means that the level 4 Approximations (A4) contains the signal with much of
the noise removed.

Figure 11.3–5 shows at left the partially de-noised signal found in A4. The
right graph shows the original signal for comparison. The original signal is
also superimposed on the denoised signal (dotted lines).

Figure 11.3–5 Denoised binary signal at left. For comparison, the original pure binary sig-
nal is superimposed on the left graph and presented by itself at right.

Although not perfect, we can tell which bits are positive and which are nega-
tive and thus +1 or –1. The bit pattern is thus preserved after denoising.

The CWTs we saw in the upper right corner of the DWT displays deserve a
closer look. Figure 11.3–6 shows the CWTs for the pure binary signal and the
signal with the intermittent noise added.
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Figure 11.3–6 CWT displays using Haar wavelet of pure binary signal and of noisy signal.

The displays look somewhat like a row of pipes on a pipe organ. The smaller
“pipes” indicate the “skinny” square waves as found at the left side of each of
the CWT displays (times from about 1 to 40). The larger “pipes” indicate the
“fatter” waveforms just to the left of the middle of each display (about time =
400). These displays show the magnitude of the values so –1 will appear as
bright as +1. We can, however, adjust the display so that negatives are dark
and positives are bright so we can discern the bit patterns. Notice that we
can “see past the noise” enough to discern bits in the noisy signal (right
graph).

Figure 11.3–7 (left) shows the CWT of the Haar-denoised signal. Notice how
well it agrees with the original binary signal (ref. Fig 11.3–6). We chose the
Haar wavelet because it looked like the binary signal. It is interesting to see
what would happen if we chose a wavelet that looked nothing at all like the
signal (or the noise). The right side of Fig. 11.3–7 shows the results of using a
Db20 “chirp” wavelet. The DWT (not shown) for the Db20 is also of no use.*

This is why conventional DSP falls short—especially with signals that do not
look sinusoidal and do not match the sinusoids of the Fourier Transform.

                                                
* In practice, if we are unsure about the shape of the signal we would start with a more general-purpose wavelet
such as the Db4. In this case, however, we can see portions of the binary signal and can tell up front that a Haar
wavelet would be an excellent choice but that a 20-point chirp wavelet (as used in the previous example) would
be a poor match to either the signal or the noise.
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Figure 11.3–7 CWT of Haar-denoised signal using the Haar wavelet at left clearly shows
the bits. At right, the CWT of the denoised signal using a Db20 wavelet is interesting-looking,
but gives no practical visual information.

11.4 Image Compression/De-noising

Compression and/or de-noising using wavelets are in wide use in image
processing. We saw an example of JPEG image compression earlier (ref. Fig.
1.9–4). While a full discussion of the use of wavelets in image processing is
beyond the scope of this book, we can provide a brief overview.

Image processing means two-dimensional processing. Instead of the simulta-
neous time/frequency capabilities of wavelets we are usually talking about
space/frequency or distance/frequency. In other words, a signal would have
various amplitudes as we vary the time while a monochromatic image would
have various brightness as we vary the position (space) on the image (e.g. “3
centimeters to the right and 4 centimeters down on the photo”).

To get our bearings we will look first at a simple 256-point split sine signal
and a single-level one-dimensional conventional DWT display as shown in
Figure 11.4–1 (top left graph). We will use the set of 4 Haar wavelet filters
(the H’ filter is used by itself to produce the CWT at top right). Notice that
the Details and Approximations at level 1 (D1 and A1) combine to produce
the original signal. Note also that both halves of A1 have high amplitudes
(like the original signal) while the left half of D1 has much smaller values
than the right half). This is of course because D1 represents the higher fre-
quencies while A1 represents the lower frequencies as we have discussed
(ref. Fig. 4.5–1).
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Figure 11.4–1 Single-level DWT of a split-sine signal using the Haar wavelet filters.

We next construct a 2-dimensional 256 by 256 image “test pattern” The first
128 rows will be identical copies of the above split sine signal. The image is
shown below in Figure 11.4–2 at left. Comparing with the 1-D signal we can
discern the tops of the 2 low-frequency sine waves (cycles) and the tops of
the 16 high-frequency sine waves as bright spots. We use a shorter 128 point
split sine signal with one low-frequency sine wave and 8 high-frequency sine
waves (not shown) to fill the lower half of the test pattern (right graph) by
constructing 256 identical columns each 128 points long. As with the longer
split sine test signal we can see the bright spots corresponding to the top of
the low-frequency sine wave (single cycle) and the 8 high-frequency sine
waves.

We now proceed with a single level two-dimensional conventional DWT of
this test-pattern image. Whereas the 1 level 1-D DWT would decompose the
signal into A1 and D1, the 2-D DWT converts the image into A1 (the lower-
frequency Approximation), H1 (a vertical scan yielding Horizontal compo-
nents), and V1 (a horizontal scan yielding Vertical components).*

                                                
* Some software also uses a diagonal scan and/or additional methods to further decompose the data at each level.
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Figure 11.4–2 Test Pattern produced by 128 identical rows of the 256-point split-sine sig-
nal (left image) followed by the addition of 256 columns of a shorter 128 point split-sine signal
(bottom half of complete test pattern image as shown at right).

Figure 11.4–3 shows the A1, V1 and H1 portions of the decomposed image.
The Approximation, A1, looks much like the original image (as did the 1-D A1
from Fig. 11.4–1 look much like the original signal). Just as the one-
dimensional D1 (right lower plot from Fig. 11.4–1) had very low values until
the signal changed to high frequency, the upper half of V1 (the center image
of Fig. 11.4–3 below) is dark for the first half then we can see the higher fre-
quency sine waves as vertical components from the horizontal scans.
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Figure 11.4–3 Single-level 2-D DWT of test pattern produces the lower frequency Approxi-
mation (A1 at left), the Vertical components from the horizontal scan (V1 in center) and the
Horizontal components from the vertical scan (H1 at right).
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The lower half of V1 is all dark because horizontal scans of the test pattern
in that area will produce constant values (whether bright or dark, the values
don’t change horizontally) and thus zero frequency. The vertical scans in the
rightmost graphic will also produce zero values (dark portions) until they en-
counter the high frequency portions of the shorter split-sine signal.

Similar to the 1-D cases, the image can be reconstructed by combining A1,
V1, and H1. If we do this without changing the components we will have per-
fect reconstruction. However, our goal here is to remove some noise, com-
press the signal or both.

Figure 11.4–4 shows the familiar “Barbara” image (left). We have taken a
200 x 200 pixel close-up to show the facial quality. Then we have added some
noise as shown at right. Notice particularly the “freckles” we have added
around the forehead, cheeks, and nose areas.

      

Figure 11.4–4 Classic “Barbara” image 200 x 200 close-up is shown at left. Noise is added
along with facial skin imperfections (“freckles”) to the “pure” image giving us the image at right.

We will now compress this image. Since compression often involves remov-
ing high frequency components we might expect a possible improvement in
skin quality (i.e. freckles and other skin imperfections less pronounced).
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Since this image is small (200 x 200) we will want to use a small wavelet
(filter). The 2-point Haar comes to mind. The result of a 9 to 1 compression is
shown in Figure 11.4–5 at left. Even after fine-tuning, the facial quality will
still be very poor. However, notice how the fabric of her scarf is very pro-
nounced. The Haar wavelet provides for good edge detection.

A better choice for her complexion would be a biorthogonal wavelet. We
choose the 7/9 wavelet because it is perfectly symmetrical and still short (9
points maximum filter length). The results of a 9 to 1 compression using this
biorthogonal wavelet is shown below at right. Notice her complexion has
cleared up considerably and that she now has a “softer” look.*

      

Figure 11.4–5 9 to 1 compression using a set of 2-point Haar filters is shown at left. The
same compression using a set of Biorthogonal 7/9 filters is shown at right.

We saw earlier how wavelets can be used to denoise a signal at specific time
intervals. Similarly, with wavelet image processing we can denoise specific
areas of an image. In the above example we could use heavier filtering on
the freckles areas and lighter filtering on the rest of the image.

                                                
* In the early days of Hollywood, long before Digital Image Processing, some older screen actresses would in-
sist upon a gauze “filter” stretched across the movie camera lens. This “soft” effect would hide wrinkles and age
spots. One young actress also insisted on this “soft” effect—not to hide wrinkles but to hide her freckles!
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11.5 Improved Performance using the UDWT

So far in this chapter we have successfully used the conventional DWT for
de-noising and compression. As mentioned earlier, when we remove noise
we also remove part of the alias cancellation capability of the conventional
DWT. In the examples so far this has not been a problem but in this last ex-
ample we highlight a pathological case where aliasing is problematic and
show why the Undecimated DWT (UDWT) can provide better results.

Figure 11.5–1 (left graph) shows a generalized test signal that begins with
Frequency Shift Keying (FSK) and ends with Frequency Modulation (FM).
The FFT of this signal (right graph) shows the low and high frequency por-
tions (peaks) from the FSK modulation and from the linear FM modulation
(wide portions at low frequencies).
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Figure 11.5–1 Composite demonstration signal with FSK modulation followed by FM
modulation shown in the time domain at left and in the frequency domain at right.

We next add some high-frequency noise in the form of harmon-
ics/intermodulation effects. In other words, as the modulated frequency of
the original signal changes, so does the frequency of the noise. This is shown
in Figure 11.5–2
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Figure 11.5–2 Noisy composite demonstration signal shown in the time domain at left and
in the frequency domain at right.

As can be seen by comparing the FFT of the original signal to the FFT of the
noisy signal (right graphs of Figs. 11.5–1 and 11.5–2) we cannot isolate the
noise from the signal using conventional DSP filtering techniques. We turn
again to wavelet processing.

We use a “general purpose” set of Db4 wavelet filters and perform a conven-
tional DWT and a UDWT on the noisy signal as shown below in Figure 11.5–
3. As we compare the DWT and the UDWT displays we notice differences,
especially in the higher frequency sub-bands of D1, D2, and D3. Further-
more, the UDWT looks “cleaner” in isolating the sections of the signal. The
frequency allocation is the same for both the DWT and UDWT (ref. Fig. 11.1–
5) and the wavelet is the same (Db4) causing us to ask “Why the differences
in results from using the 2 methods?”

The answer, as we will demonstrate, is non-canceled aliasing in the conven-
tional DWT while the UDWT (which uses stretched filters instead of down-
sampling) has no such problems. We note in passing that the CWT (which
also uses the stretched “H’” filter) is the same for the DWT and the UDWT
customized displays (upper right graphs in both displays).

To better see what’s going on, we look at the center part of the signal by it-
self. We would do something similar to this “isolation in time” as we exploit
the time/frequency capabilities of wavelet processing to order to impose dif-
ferent thresholds on the various time segments of the signal (interval de-
pendent thresholds) as shown earlier in this chapter (ref. Figs. 11.1–6 and
11.2–5).
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Figure 11.5–3 Db4 wavelet decomposition of the noisy composite FSK/FM signal using a
convention al DWT at left and an Undecimated DWT at right.

Figure 11.5–4 shows the center 256 points of this 512 point noisy signal. It is
composed of a 0.3 Nyquist sinusoid with a 0.75 Nyquist sinusoid as the noise.
Before proceeding, we note that this center portion of this FSK/FM noisy
signal is a stationary signal in that it does not change frequencies or ampli-
tude (envelope) over time. If the entire 512 points of the signal looked like
this we would be better off using a sinusoid as the “wavelet”—in other words
to use conventional Fourier techniques instead of wavelet processing. How-
ever, since this “sum of sines” can occur, even for a very short time,* in a
large number of ways and in a variety of signals we will proceed.

Another glance at the frequency graph from Fig. 11.5–4 below (also ref. Fig.
11.1–5) shows the frequency subband D1 to be roughly from 0.5 to 1.0
Nyquist and the subband A1 to be from roughly 0.0 to 0.5 Nyquist (with some
overlap due to the imperfect filtering of the Db4). Because the signal at 0.3
Nyquist is well-isolated from the noise at 0.75 Nyquist it appears that the
signal should be found in A1 with a minimal amount in D1 while the noise
should be found almost entirely in D1 with minimal amounts in A1. A single-
level DWT or UDWT should show this.

                                                
* Although a Short Time Fourier Transform (STFT) could be used for stationary portions of a signal, if the
time is too short we won’t achieve meaningful results. The Wavelet Transforms are a better choice here.
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Figure 11.5–4 Center 256 points of noisy 256-point signal shown in both the time and fre-
quency domains.

As a “sanity check”,* we will first look at a single-level decomposition of the
noiseless signal by itself using both the conventional (decimated) DWT and
the Undecimated DWT (UDWT). Figure 11.5–5 shows the single-level DWT
and then the UDWT displays for the noiseless signal. The signal is found al-
most entirely in A1 for the UDWT with very little in D1 (note different
scales) as expected. But the conventional DWT has much more high-
frequency components in D1. We will show that this is not due to noise, but
instead actually due to the aliasing of the noiseless signal!
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Figure 11.5–5 Results of a single-level decomposition of the pure signal with no noise using
a Db4 filter set. Conventional DWT results are compared with UDWT results.

                                                
* Some would argue that it will take more than this simple check to establish the author’s sanity—but it is a
good idea when faced with puzzling results to look at the basics and build from there.
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The block diagrams for the single-level conventional DWT and the UDWT
are drawn again in figure 11.5–6. We can see the potential for aliasing from
downsampling in the Conventional DWT here.
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Figure 11.5–6 Single-level Conventional DWT and Undecimated DWT. The 2 are identical
(for the single level case) except for the lack of downsampling (decimation) by 2 in the UDWT.

A look in the frequency domain will illustrate the problem. Figure 11.5–7
shows the noiseless signal after the single-level decomposition using a Db4
UDWT. As expected, most of the 0.3 Nyquist signal is found in A1 (left
graph). Because of imperfect filtering we have a small amount of the signal
in D1 (right graph). Note the difference in scales however with A1 contain-
ing almost 9 times the signal content of D1.
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Figure 11.5–7 Frequency domain results for the Undecimated (non-downsampled) UDWT
noiseless pure signal. A1 (left graph) contains the signal at 0.3 Nyquist with no noise as ex-
pected. D1, as shown in the right graph, contains some small aliasing due to imperfect filtering.
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We next look at frequency domain results using the same noiseless signal in
the A1 and D1 subbands produced by the conventional DWT as shown in
Figure 11.5–8. The results show aliasing present in both A1 and D1. Recall
from DSP that for a signal at 0.3 Nyquist aliasing from downsampling will
“reflect” the signal across Nyquist. Thus we see the aliasing components at
Nyquist minus 0.3 Nyquist or 0.7 Nyquist. This is not to be confused with our
earlier noise at 0.75 Nyquist—there is no noise in this sanity check! In other
words, this alias artifact will appear even in a noiseless signal.
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Signal

Aliasing

Figure 11.5–8 Frequency domain results for the conventional (downsampled) DWT of the
noiseless pure signal. A1 (left graph) has aliasing components at (1.0 – 0.3) = 0.7 Nyquist. D1
(right graph) also has magnitude 40 aliasing components at 0.7 Nyquist .

Notice from the above figure 11.5–8 that the signal at 0.3 Nyquist has the
same components (magnitude 120 in A1 and 14 in D1) as with the UDWT
case (ref. Fig 11.5–7). Notice also the aliased components at 0,7 Nyquist
(magnitude 40) are the same size! This is important because when we add A1
to D1 in the conventional DWT these components cancel. But when we
throw away D1 to get rid of some high frequency noise (added later) we are
also throwing away the alias cancellation components and we are left not
only with the 0.3 Nyquist signal but also a substantial 0.7 Nyquist alias arti-
fact. Note: We have shown only the magnitudes of the (complex) signal here.
We will discover in the next chapter how the aliased components in A1 and
D1 are 180 degrees (π radians) out of phase and thus cancel.

Having demonstrated the superior performance of the UDWT on the noise-
less signal, we now compare the DWT and UDWT on the signal (center por-
tion of the FSK/FM) with added noise. With the signal at 0.3 Nyquist and the
noise at 0,75 Nyquist (ref. Fig. 11.5–4) we will look at the results of keeping
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A1 while discarding D1. A look at the frequency domain of the UDWT A1 and
D1 in Figure 11.5–9 below shows this to be a viable option for this particular
signal.
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Figure 11.5–9 Frequency domain results for the UDWT noisy signal. A1 (left graph) con-
tains almost all the signal at 0.3 and very little of the noise at 0.75 Nyquist. D1 (right graph)
contains almost all the noise and very little of the signal.

However, a look at the conventional DWT A1 and D1 in the frequency do-
main indicates that this option of keeping A1 as the “de-noised” signal is not
viable because of aliasing problems caused by the downsampling. This is
shown below in Figure 11.5–10
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Figure 11.5–10 Frequency domain results for the conventional (downsampled) DWT noisy
signal. A1 (left graph) contains the signal at 0.3 Nyquist along with significant aliasing effects.
D1 shows the added noise at 0.75 Nyquist along with further aliasing effects.
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We can now compare the results of denoising using the conventional DWT
with those of the UDWT for this stationary portion of the noisy signal using a
single-level Db4 wavelet transform (keeping A1 and discarding D1). We saw
A1 in the frequency domain earlier in Figs. 11.5–7 and 11.5–8. We now take
a look in the time domain. Figure 11.5–11 shows a close-up of the original
noiseless signal and the same signal with noise added.
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Figure 11.5–11 Close-up in time domain of original and noisy signals.

Figure 11.5–12 shows a close-up of the de-noised signal using the conven-
tional DWT and the same signal denoised using the UDWT.* As can be seen,
the UDWT does an almost perfect job of de-noising even using a single-level
transform in this pathological (but very possible) case. The conventional
DWT will need additional levels, a longer wavelet, and/or further processing.

We can of course use the UDWT to denoise the rest of the 512 point FSK/FM
signal. Because the conventional (decimated) DWT is in such wide use, it
would be a good idea to better understand and utilize it correctly! Thus, we
will look in more depth at how the alias cancellation works within the con-
ventional DWT in the next chapter.

                                                
* Another reminder that the Undecimated DWT is also referred to as Redundant, Stationary, Quasi-Continuous,
Translation Invariant, Shift Invariant, and Algorithme à Trous in some texts, papers, and software.
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Figure 11.5–12 Close-up in time domain of conventional DWT de-noised signal (left) and
UDWT denoised signal (right).

Andrew P. Bradley in his landmark paper “Shift-invariance in the Discrete Wavelet
Transform” * reminds us “It should be noted that the aliasing introduced by the
DWT cancels out (only) when the inverse DWT (IDWT) is performed using all of the
wavelet coefficients, that is, when the original signal is reconstructed”. He offers
several suggestions (besides exclusive use of the UDWT) including (1) using
longer filters with better frequency resolution and (2) creating a hybrid that
uses the UDWT at some levels to prevent non-canceled aliasing and using
the conventional DWT for improved speed and storage efficiency.

11.6 Summary

In this chapter we explored and demonstrated some of the capabilities of
wavelet processing techniques using specific examples. We first added white
noise to a chirp signal and then removed the (supposedly unknown) noise
using a Db6 conventional DWT and exploiting the time/frequency capability
of wavelet processing. We employed a somewhat similar process using a
Db20 chirp wavelet to find a binary signal buried in 80 dB of noise from a
chirp jammer.

Our next case was a 16 chip per bit binary signal with intermittent pseudo-
random noise. The best match to the binary signal was a Haar wavelet. Per-
forming a 7-level conventional DWT on the noiseless signal we saw there
were no components of the noiseless signal in D1 through D4. Thus any-

                                                
* Proc. VIIth Digit. Image Comp., Dec. 2003, pp. 29–38.
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thing found in D1 through D4 would be noise and could be safely discarded.
We were thus able to re-create the original binary signal enough to discern
the binary values (+1 or –1). We also revisited the CWT for this example and
demonstrated its capability.

We demonstrated image compression on first a test pattern and then using a
subset of the “Barbara” image. We added some noise in the form of skin im-
perfections (freckles). By thresholding the levels (in two dimensions) we
were able to compress the image by almost an order of magnitude and in the
process selectively remove high frequency components. The final image had
a “soft” look that removed the skin imperfections. The wavelet filters of
choice were those of the Biorthogonal 7/9, chosen for their symmetry and
short length. We used a Haar for comparison and obtained better edge detec-
tion but far worse skin quality.

In the last example, we featured a case where de-noising using a UDWT was
superior to using a conventional DWT. In both the DWT and UDWT a Db4 set
of filters and a single level decomposition was used. The problem was shown
to be with the conventional DWT itself. In real-life Digital Signal Processing
we can get aliasing when we downsample. The (conventional downsampled
or decimated) DWT cancels aliasing, but when we throw away parts of the
decomposition (D1 for a single-level DWT) we also lose the alias cancellation.
Alternatives include (1) using the Undecimated DWT exclusively; (2) using
the UDWT for part of the decomposition; and (3) using a longer wavelet with
better frequency resolution or (4) checking first to see if the values in the
Details (for a given length of time or space) are close enough to zero that
they can be safely suppressed for that interval.

In all these cases, conventional DSP methods with filtering and/or FFT
methods would not work. A Short Time Fourier Transform might work on
some of these examples but the dynamic nature of wavelets usually make
them a better option. Also, in every case we tried to match the wavelet to ei-
ther the signal or noise for best discrimination.

With these examples under our belt we can take a closer look at the alias-
cancellation methods used in the conventional DWT and gain further concep-
tual understanding and, hopefully, increased wisdom in using the various
wavelet transforms.
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Transform
Frequency sub-bands. See DWT, UDWT, 

and WPT (frequency allocation)
FSK/FM. See Signals
Fugal bugle, 161. See also Denoising

G
Gaussian wavelet (filters)

applications, 192
derivatives of Gaussian, 191
frequency characteristics, 199
general description, 191-192
properties in table form, 219
regular, smooth, and symmetrical, 192
theoretical “continuous”

wavelet, 6, C10
used with CWT but not DWT, 192

Gaussian wavelet. See Complex Gaussian 
wavelet

Global Positioning System (GPS), 122, 171

H
Haar wavelet (filters)

antisymmetric with linear phase, 47, 
205-206, 218

applications, 5, 170, 207-235, C10
details coefficients identical to CWT

values, 128, 136
discontinuities in, 5, 109, 172, 204
display of signals using, 235-240,

249-250
dual of the Sinc (Shannon) wavelet, 197
frequency characteristics, 110-111, 142
general description, 204-205
halfband filters from wavelet filters, 126,

146
have 2 filter points, named “Db2” in 

most literature, 106, 112-120, 160,
172, 176, 206

interpolation (stretching) by upsampling, 
lowpass filtering, 106-107

interrelationships of the four PRQMF 
filters, 143-153

mapped onto a Support width (length) of 
one, 108, 204-205

named for Alfred Haar, 90, 106
numerical integration to obtain desired 

filter length, 109-110
one vanishing moment, 204, 218-219
orthogonality relationships, 160-161
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properties in table form, 219
shortest, simplest of both Daubechies 

and biorthogonal wavelets, 5, 31, 205
step-by-step conventional DWT example 

using, 59-78
step-by-step CWT example using, 31-42
step-by-step Undecimated DWT example

using, 43-58
theoretical “continuous”

wavelet, 6, 108, C10
Halfband filters, 20-21, 46-54, 141-166 See 

also PRQMF, Phase, Orthogonal, and
Biorthogonal

Heisenberg uncertainty principle and
Heisenberg boxes, 197, B1-B5

Hubbard, Barbara B. 152, D3

I
Ideal lowpass filter, 79
Inner product. See Dot product
Integration interval (time), 8, A2-A3, B1-B4
Interpolation

adding points for lower cutoff frequency, 
82-83

stretching (dilating) filter, 98, 196-200
wavelets built by upsampling and

lowpass filtering, 4, 101-127, 177, 
204-222, 282-300

Inverse FFT, CWT, UDWT and WPT. See
FFT, CWT, UDWT and WPT

J
JPEG, 28-30, 134, 166, 207, 215, C9. See 

also Biorthogonal wavelets

K
Kinematics (orbital), 122, 171
Kronecker delta function, 146-150, 251-270

L
Lifting scheme, 174-175
Linear time invariant (LTI) system, 64, 

132, 148, 259. See also DWT and 
Downsampling

Lyons, Richard G., 152, D1, D3-D4

M
Mapping of wavelet filters to compact

support width, 109, 113-116,
157-160, 283-285

Matched filter, 169, 171. See also
Correlation, matching the wavelet

Matching pursuit. See Best basis
Mathematical Microscope, 217
MATLAB software routines

bior, 28. See also Biorthogonal wavelet 
(filters)

cmor, 201. See also Complex Morlet
wavelet (filter)

coif, 116-118. See also Coiflet wavelet 
conv, 34-37, 43, 158, 216. See also

Correlation, same as convolution with 
PRQMF

cwt, 41. See also Continuous Wavelet 
Transform

dwt, 71. See also DWT
dyaddown, 61-66. See also

Downsampling, dyadic)
dyadup, 62-64, 71. See also Upsampling,

dyadic)
fbsp, 199. See also Complex frequency

b-spline wavelet (filters)
fft, 1. See also Fast Fourier Transform
fir1, filter design using window method, 

119
firls, filter design using least squares 

method, 150-153
haar, 39, 41, 205. See also Haar wavelet 

(filters)
mexh, 4, 84-91, 189. See also Mexican 

hat wavelet (filter)
morl, 90-93. See also Morlet wavelet 

(filter)
roots, finds roots of polynomial, 152, 167
shan, 194-198 See also Shannon wavelet
swt, 134. See also Stationary Wavelet 

Transform
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wkeep, trims data, usually to original 
signal length, 35-37

xcorr, 34. See also Correlation, cross
correlation

Median filtering, 228-229
Mexican hat wavelet (filters)

applications, 189
crude wavelet used in CWT only, 219
CWT display using split-sine signal, 90
discrete points generated from equation, 

4, 85
effective support (length), 84
example of stretched crude filter, 84-87
frequency characteristics, 95-98
general description, 189
human eye experiment, 189
properties in table form, 219
sombrero shape, 84
theoretical “continuous”

wavelet , 6, C10
Meyer wavelet (filters)

discrete points generated by frequency 
domain equation, 192-194

frequency characteristics, 193
general description, 192-184
named for Yves Meyer, 192
properties in table form, 219
used in CWT to isolate events by

frequency, 194. See also Discrete 
Meyer wavelet

Millennial transform, 6-7
Morlet wavelet (filters)

applications, 190
compared to “fake” wavelet, 172-173
considered as “original wavelet”, 90
discrete points generated by continuous 

equation, 192
effective support, 91
formulated by Jean Morlet, 90
frequency characteristics, 94-98
general description, 190
infinitely regular, 172, 184
modified Gaussian, 190
properties in table form, 219
stretching of this crude filter, 90-94

symmetrical, 192
Mother wavelet, 15-18, 99--112, A11. See 

also Bandpass filters
Moving averager. See Block averager
Moving differentiator. See Block

differentiator
Multirate system, 187, 251. See also Filters,

filter bank
Multiresolution analysis, 187. See also

Filters, filter bank

N
Natural order of time and frequency, B1-B3.

See also Heisenberg
No distortion equation, 271-272. See also 

Halfband filters and Alias
cancellation

Numerical integration, differentiation,
109-120, 191. See also Haar and 
Daubechies wavelets

O
Octaves. See Sheet music
Orthogonality. See also specific wavelet

integer orthogonal, 158-159, 255
orthogonal basis, 155-156, 159
orthogonal sinusoids, 12, 156, 161, C2
orthogonal system and vectors, 155-156
orthogonal wavelets, 156-166, 203-214, 

219. See also Biorthogonal
orthonormality, 15, 158-166, 255

P
Perfect overlay of filter points on

“continuous” wavelets, 4-5, 115-116, 
205, 215-217, 283-293, C9

Perfect Reconstruction Quadrature Mirror 
Filters (PRQMF), 26, 140-144,
256-277. See also Alias cancellation

Perfect reconstruction, 21, 52-57, 63-64, 
132-133. See also PRQMF

Phase
linear in halfband filters, 47-48, 145-148
linear in symmetric wavelets, 47, 95-97
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shifting, 12, 156, 264-279. See also
Aliasing

wavelet phase properties, 219
Pianoforte. See Acoustic Piano
Planck’s Constant, 197, B3. See also

Heisenberg
PRQMF. See Perfect Reconstruction

Quadrature Mirror Filters
Pseudo frequency, 2-3, 15-16, 95

Q
Quasi-continuous wavelet transform. See 

UDWT

R
Radix two. 123, 131, 297
Reconstruction (Jargon Alert), 21. See also

CWT, DWT, UDWT and WPT
Recursion, 288
Redundant DWT. See UDWT
Regularity, 2, 168-219
Resemblance index. See Correlation

coefficients
Reverse biorthogonal wavelet (filters)

applications. See Biorthogonal wavelets
estimation of “continuous” wavelet using 

interpolated filters, 216
frequency characteristics. See

Biorthogonal wavelets
general description, 216-217
orthogonality relationships. See

Biorthogonal wavelets
properties in table form, 219

S
Scaling (stretching), 3, 10-18, 35-42, 104, 

121-136, A2-A5, A10-A12, C6. See 
also Dilation

Shannon (complex) wavelet (filters)
constant Q behavior, 198
crude wavelet used in CWT only, 198
discrete points generated by continuous 

equation, 194-196
dual of the Haar wavelet, 197

frequency characteristics, 195-197
general description, 194-198
lowpass real filter made complex

bandpass, 194, 218
properties in table form, 219
theoretical “continuous”

wavelet , 6, 195-196, C10
used in finding specific frequencies, 5, 

198, C10
Sheet music comparison with wavelet

display, 8-9, B2
Shift invariant system. See Linear time

invariant
Shift invariant wavelet transform. See 

UDWT
Shift variant transform. See Conventional 

DWT
Shifting the wavelet. See Translation
Short Time Fourier Transform (STFT). See 

also Integration interval and FFT
audio STFT, A12
case studies, 231, 243, B5
compromise between time and frequency 

information, 8
constrained to fixed Heisenberg boxes, 

B3-B4
results shown in CWT format, A2-A4

Shrinking and Stretching . See Dilation
Signals

binary, 27-28, 72-78, 170, 225-236
BPSK, 225
chirp, 121, 170, 221-223, B4-B5
city skyline, 182
embedded pulse, 11-16, 55, C1-C6
FSK/FM, 241
signal identification, 122
jargon alert, 1
non-stationary, 1, 30, 77, 297, B5
split sine, 87-95, 122, 171-173, 236-239
stationary, 1-2, 71-77, 170-174, 243-

256, A2-A6
Sinc function, 5, 79-83
Sinc wavelet. See Shannon wavelet
Single-point correlation. See Dot product
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Skin imperfections. See Digital Image
Processing, denoising

Slew. See Kinematics
Sliding the wavelet, See Translation
Slinky toy, demonstrates stretching (scaling)

and frequency, A10
Smith, Steven W., 152, D1, D5
Smoothness. See Regularity
Spectral Factorization, 111, 152-153
Spline wavelets. See Complex frequency

b-spline wavelets
Sport of basis hunting, 174, 195, 219
Star Trek terminology, 219, A5
Stars and Stripes Forever, 8-9. See also

Integration time
Stationary wavelet transform. See UDWT
STFT. See Short Time Fourier Transform
Superfilters, C8. See also UDWT, stretching 

the wavelet
Support width, 204-205. See also Compact 

support
Symlet wavelet (filters)

applications, 209
estimation of “continuous” wavelet using 

interpolated filters, 208
general description, 207-209
nearly symmetrical, 209
orthogonality relationships, 209
properties in table form, 219

Symmetry, 5, 29, 47, 145-167, 188-222,
C9-C10

Synthesis portion of transforms. See
Reconstruction

T
Table of wavelet (filters) properties, 219
Thresholding, See also DWT, examples

case studies, 27-29, 135
for a specific time and a specific

frequency, 27, 78, 135
interval dependent thresholding, 27, 77, 

135, 224-242
jargon alert, 27
reverse thresholding, 226-230

Time-reversed filters. See PRQMF
Time/frequency analysis, 9, 197, 223-231, 

242, B1-B5, C6
Transforms. See CWT, DWT, FFT, UDWT, 

WPT and Millennial Transform
Transient signal, 1, 122, 134, 169-175, 

205. See also Signals, non-stationary
Translation (shifting)

dyadic translation, 157, 164
in conventional DWT, 130
in CWT, 5, 13-19, 32-36, 122, 201,

A9-A11, C4-C5
in Undecimated DWT, 56-57, 125, 134, 

157-161, 174
jargon alert, 6
wavelet terminology for shifting or

sliding, 6, A5
Translation Invariant Wavelet Transform. 

See UDWT
Tube-type amplifiers and clipping, 231
Two-channel Quadrature Mirror Filter 

Bank. See Conventional DWT
Two-scale difference equation (background), 

283-284. See also Dilation, equation

U
Undecimated Discrete Wavelet Transform
(UDWT)

a first glance, 19-24, C8
case studies, 241-249
comparison with conventional 

(decimated) DWT, 124, 144, 243-245
decomposition portion, 20-21, 124, 144
frequency allocation diagram, 68-74, 224
hybrid UDWT/DWT, 249
other names for, 124, 134, 248
pathological DWT case solved by UDWT,

241-249
reconstruction portion, 20, 124, 127, 

144, 149
relating UDWT to CWT, 124-140
scales and levels (terminology), 120
step-by-step walk-through using Haar 

wavelet, 43-58
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stretching the wavelet, 107, 124-129
three more basic filters than in CWT, 

144
UDWT display, 243-244

Upsampling. See also Downsampling and
Conventional (decimated) DWT

A’ Trous (“with holes”), 23, 50
jargon alert, 23
producing artifacts, 291, 296
stretching the filters , 21-25, 50-54
upsampling by two (dyadic), 18, 23, 101,

208

V
Vanishing moments, 175-176. See also

specific wavelet

W
Wavelet artifacts, 281, 290, 295-296, 299
Wavelet domain, 10, 297-298

Wavelet filters (list), 219. See also specific 
wavelet

Wavelet Packet Transform (WPT). See also
Conventional DWT

decomposition and reconstruction
portions, 138

nodes, 139
packet switching, similarities to, 139
transmultiplexers, similarities to,

139-140
Wavelets: Beyond Comparison (article by 

author), C1-C10
Windows

Blackman, 79, 198
Hamming, 79, 198
Hanning (Von Hann), 79, 198

Z
Z transform, 152-154, 183
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WHAT IS A WAVELET?

• A Wavelet is a waveform of limited duration 
• Has an average value of zero.
• Sinusoids extend from minus to plus infinity. 
• Sinusoids are smooth and predictable. 
• Wavelets tend to be irregular and asymmetric.

Cosine Wave Db4 Wavelet
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EXAMPLES OF WAVELETS

• WAVE for Frequency, LET indicates Compact Support.
• Jargon Alert*: Compact Support = having start & stop time 
• Some more localized in time, some more localized in freq.  

Haar Shannon or Sinc Daubechies 4 Daubechies 20

Gaussian or Spline Mexican Hat Custom (arbitrary)Biorthogonal
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USES OF PARTICULAR WAVELETS

• Haar:  Good for edge detection in images, for 
matching binary pulses, for very short 
phenomenon.

• Shannon:  Dual of Haar wavelet. Good 
frequency resolution and signal identification 
using frequency.  Poor time resolution. 

• Daubechies:  Robust, fast for identifying signals 
with both time and freq characteristics (use 
longer filters for better frequency resolution).  
Used in speech, fractals, non-symmetrical 
transients. Identifies polynomial signals or noise   

• Biorthogonal (2 wavelets).  Symmetry and 
Linear Phase. Used extensively in Image 
Processing because human vision more tolerant 
of symmetrical errors and because images can 
be extended.  Chosen by FBI and for JPEG.  
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FFT SHORTCOMINGS

• Signal characteristics not seen in the FFT
• Why wavelets are needed.  Show both time &  freq.
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WAVELET-TYPE DISPLAY OF STFT*

Fourier 
Display 
rotated right 
by 90o and 
magnitude 
indicated by 
Color (3-D).  
Wavelets use 
3-D displays.  

Fourier Display for 
short time segment

Fourier Display 
rotated right by 90o

(Note Frequency is 
flipped)

Increasing Time

In
cr

ea
si

ng
 S

ca
le

STFT presented 
as a 3-D Color 
Display showing 
scale, time, and 
magnitude for 
time-sequential 
segments.

Increasing 
Frequency

In
cr

ea
si

ng
 

Sc
al

e
Magnitude
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Frequency

M
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1: STRETCH WAVELET BY 2 - UDWT
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2: SHRINK SIGNAL BY 2 - DWT*

Scale 1 or
level 0

Scale 2 or
level 1

Scale 4 or
level 2
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1 LEVEL DWT SYSTEM

• Problem: Downsampling can produce aliasing! 
• Solution: Proper design of filters can eliminate aliasing 

under certain conditions (see downsampling/aliasing 101)

Frequency Spectrum
D1A1

H

S

L L’

H’

 S’

cD1 cD1

cA1cA1

D1

A1

A = Approximation or lower frequency components
D = Details or higher frequency components

“ANALYSIS” “SYNTHESIS”



      

SPACE & SIGNALSSPACE & SIGNALS    

TECHNOLOGIES, LLCTECHNOLOGIES, LLC

118

ATICOURSES
2009 D.L. Fugal

©2009 Space & Signals Technologies, LLC.  All Rights Reserved.                               www.ConceptualWavelets.com  877-845-6459

Db4 FILTERS RELATIONSHIPS*

H
HighPass

Decomposition
or “hid”

L
LowPass

Decomposition
or “lod”

H
HighPass

Reconstr. “hir”

L
LowPass

Reconstruction
or “lor”

ALTERNATE SIGNS 
AND FLIP

FLIP

⇔

⇔

FLIP

ALTERNATE SIGNS 
AND FLIPALTERNATE SIGNS

1-LEVEL DWT 
FILTER BANK

H

S
L L’

H’

S’

cD1 cD1

cA1cA1

D1

A1
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FILTERS AND WAVELET “SHAPE”*

H
HighPass

Reconstruction 
4-pt Db4 Filter
(basic wavelet)

• S∗H (∗ indicates convolution) can be thought of as 
correlation coefficients as we “slide” the 4-point basic 
wavelet (H’) along the signal

• Thus the analysis in a DWT is very similar the that of a 
CWT in that we correlate with the (basic) wavelet

• Waveform is built from the filters, not other way around. 

Waveform built 
from 4-pt filter



      

SPACE & SIGNALSSPACE & SIGNALS    

TECHNOLOGIES, LLCTECHNOLOGIES, LLC

122

ATICOURSES
2009 D.L. Fugal

©2009 Space & Signals Technologies, LLC.  All Rights Reserved.                               www.ConceptualWavelets.com  877-845-6459

FILTERS & SCALING FUNCT SHAPE

• S∗L  can be thought of as correlation coefficients as we 
“slide” 4-point basic scaling function (L’) along signal

• CWT doesn’t use scaling functions so no direct analogy.  
• As before, the “continuous” waveform is actually an 

approximation built from the 4-point filters.   

L
LowPass
Reconstruction
4-pt Db4 Filter 
(Basic Scaling Function)

Waveform built 
from 4-pt filter
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MEXICAN HAT (‘mexh’)

• No FIR filter, no scaling function.  CWT but no DWT.   
• One of the “crude” wavelets in that it is built from an 

explicit mathematical expression rather than from filters 
by recursion (e.g. Daubechies family). 

• Infinite length, but “effective support” from -5 to +5. 
• Symmetrical.  Regularity (smoothness).  Very Rapid 

decay.  Used in vision analysis because these 3 traits are 
similar to those of the human eye.

• Used in earthquake analysis.  “Penny” shaped round 
ruptures on fault lines.    

3-D mexh
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WHITE NOISE EXAMPLE - 4

• Impressive result of using wavelets for denoising
• (Left) Close-up of the de-noised chirp signal (yellow) 

superimposed on the original noisy signal (red)
• (Right) De-noised chirp signal shown in blue
• Far superior de-noising than conventional FFT methods
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TIME DEPENDENT THRESHOLD - 8

• Main portion of original noiseless binary signal (top)

•  Wavelet Time-Dependant Thresholding de-noised signal 
(from 10000x or 80 dB noise) shown superimposed on 
noiseless signal (bottom).  

•  We have exploited DWT knowledge of both time AND 
frequency
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• Review of complex numbers to clarify alias cancellation 
• Jargon Alert:  Complex means either (1) hard to analyze, 

or solve; or (2) composed of two or more parts.  We use 
the latter--such as a complex of buildings.    

• Complex number is of form 
a +bj where j = square root 
of -1 (sometimes referred to 
as an “imaginary” number).   

• A complex number or 
“vector” such as [2 + 2j] can 
be shown on a complex grid 
as at right:

COMPLEX VECTORS 101 (1)

-3     -2     -1               1       2       3

-3
j  

  -
2j

   
 -1

j  
   

   
   

   
1j

   
   

2j
   

   
3j
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COMPLEX VECTORS 101 (2)
• A second vector [ -2 -2j] is shown here in red.  Same 

length but opposite direction. 180o or “π radians” apart 
• Jargon Alert:  Circumference of a circle = 2π times radius.  

Full circle is 360o and is often referred to as “2π radians” 
or sometimes just 2π.  Thus 180o = π radians or just “π”.

• If we sum the 2 vectors we 
have cancellation or zero.   

• The length is referred to as 
Magnitude and the angle 
from the x axis as Phase.  

• Complex numbers that are
same magnitude but 180o 
apart in phase will cancel.

• Saw this cancellation with 
the red alias lines of the 
highpass and lowpass paths.

-3     -2     -1               1       2       3

-3
j  

  -
2j

   
 -1

j  
   

   
   

   
1j

   
   

2j
   

   
3j

45o180o
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COMPLEX VECTORS 101 (3)

• 2 vectors in the same direction, but different magnitude.  
• Because these two vectors have the same phase angle 

(phase), we see that the two magnitudes add directly.  
• Caution:  Sometimes vectors appear as 360o (2π radians) 

apart.  Means they have come “full circle” and are in the 
same direction (360o = 0o). Magnitudes still add directly.
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COMPLEX VECTORS 101 (4)

• This is what we saw with signal (blue) parts in phase and 
adding directly to produce a constant magnitude of 1.  

• Alias portions (red) had identical magnitudes but were 
180o or π radians out of phase and canceled completely.
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HALFBAND FILTERS SYMMETRY

• Notice symmetry in magnitude and frequency
• Notice how (blue) filters add to unity
• Notice 1/4 frequency or “quadrature” symmetry
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